Derivatives

Real-valued functions

In each following exercise assume, where mecessary, a knowledge of the formulas for
differentiating the elementary trigonometric, exponential, and logarithmic functions.

5.1 Assume that f1s said to satisfy a Lipschitz condition of order o at c if there
exists a positive number M (which may depend on ¢) and 1 —ball B(c) such that

[fx) = fe)| < Mpx —c|*
whenever x € B(c), x # c.

(a) Show that a function which satisfies a Lipschitz condition of order « is continuous
at cif a > 0, and has a derivative at c if a > 1.

Proof: 1. Asa > 0, given € > 0, thereisa o < (s/M)l/“ such that as
x € (c—-90,c+06) < B(c), we have
fx) = fle)| < Mlx — c|* < Mo* = e.
So, we know that f'is continuous at c.
2. Asa > 1, consider x € B(c), and x # ¢, we have

f(x) f(C)

<Mpx—c|*' > 0asx - c.

So, we know that fhas a derivative at ¢ with f'(¢) = 0.

Remark: It should be note that (a) also holds if we consider the higher dimension.
(b) Given an example of a function satisfying a Lipschitz condition of order 1 at ¢ for
which f'(¢) does not exist.

Solution: Consider
el =lell = b =<,
we know that |x| is a function satisfying a Lipschitz condition of order 1 at 0 for which
f(0) does not exist.

5.2 In each of the following cases, determine the intervals in which the function f'is
increasing or decreasing and find the maxima and minima (if any) in the set where each f'is
defined.

(@) flx) =x*+ax+b, x € R.

Solution: Since /'(x) = 3x2 4+ a on R, we consider two cases: (i) @ > 0, and (ii) a < 0.

(1) As a > 0, we know that f'is increasig on R by /' > 0 on R. In addition, if f'has a
local extremum at some point ¢, then f'(¢) = 0. It implies that « = 0 and ¢ = 0. That is,
f(x) = x3 + b has a local extremum at 0. It is impossible since x3 does not. So, we know
that /'has no maximum and minimum.

(i) Asa < 0, since /' = 3x2+a = 3<x — J-a/3 ) (x + J—a/3 ), we know that
(—0,—y=a3] [-y=ai3,J=ai3 | [J-a/3,+w)
>0

S )
<0 >0

which implies that

(—0,—J=al3] [-J-al3,=al3 | [J-a/3,+x)

fx) -
/ N\ /



Hence, fis increasing on (—oo,— ,/—a/3 ] and [ ,/—a/3 ,+), and decreasing on
[— J—al3, . J—al3 :| In addition, if fhas a local extremum at some point ¢, then f'(¢) = 0.
It implies that ¢ = £ ,/—a/3 . With help of (*), we know that f{x) has a local maximum
f(— J—a/3 )and a local minimumf(,/—a/3 )

(b) flx) = log(x*> —9), |x| > 3.

Solution: Since f'(x) = —*5, [x| > 3, we know that

(—0,-3) (3,+x)

@y
which implies that
o (=00,-3) (3,+)
AR

Hence, fis increasing on (3,+), and decreasing on (—o,—3). It is clear that f cannot have
local extremum.

(©) fix) =xBx-1)" 0<x< 1.

Solution: Since f'(x) = 261)° (7x—1), 0 < x < 1, we know that

3X1/3
[0,1/7] [1/7,1]

/& : >0 <0
which implies that
[0,1/7] [1/7,1]
fx) - : *x
/ N\

Hence, we know that fis increasing on [0, 1/7], and decreasing on [1/7,1]. In addition, if f
has a local extremum at some interior point ¢, then f'(¢) = 0. It implies that ¢ = 1/7. With
help of (**), we know that f'has a local maximum f{1/7), and two local minima f{0), and
AD).

Remark: fhas the absolute maximum f{1/7), and the absolute minima
A0) = A1) = 0.

(d) flx) = (sinx)/xifx = 0, f{0) =1, 0 < x < 7/2.

Sulotion: Since f'(x) = cosx*=5* as 0 < x < 7/2, and f4(0) = 0, in addition,
f(x) - 0asx - 0* by L-Hospital Rule, we know that

- [0,7/2]
f@)~§0
which implies that
- [0,7/2] o
Sx) N : (**%)

Hence, we know that fis decreasing on [0, 7/2]. In addition, note that there is no interior

point ¢ such that f'(¢) = 0. With help of (***), we know that f'has local maximum £{0),
and local minimum f{r/2).

Remark: 1. Here is a proof on f,(0) : Since



lim Sinx =1 _ pj, —2(8inx/2)"
x->0* x=0+ X

0,
we know that f,(0) = 0.
2. f'has the absolute maximum f{0), and the absolute minimum f{7/2).

5.3 Find a polynomial f'of lowest possible degree such that
fxr) = ay, flxa) = az, f/(x1) = by, f/(x2) = by

where x; # x; and a;, a,, by, b, are given real numbers.

Proof: It is easy to know that the lowest degree is at most 3 since there are 4 unknows.
The degree is depends on the values of a;, a,, by, bs.

54 Define fas follows: f{x) = e"* if x # 0, 0) = 0. Show that
(a) f'is continuous for all x.

Proof: In order to show f'is continuous on R, it suffices to show fis continuous at 0.
Since

X L 1 1&2__ B
i) = tim(£)" =0 = 10),
we know that fis continuous at 0.
(b) /™ is continuous for all x, and /™ (0) = 0, (n = 1,2,...)

Proof: In order to show /) is continuous on R, it suffices to show ) is continuous at
0. Note that

fim 2

x—>to €
Claim that for x # 0, we have fV(x) = e"**P5,(1/x), where Ps,(¢) is a real polynomial of
degree 3n foralln = 1,2,.... Asn = 0, fO(x) = fix) = e 1" = e" 1" Py(1/x), where
Py(1/x) is a constant function 1. So, as n = 0, it holds. Suppose that n = £ holds, i.e.,
f®(x) = e '’ Py(1/x), where P3(t) is a real polynomial of degree 3k. Consider
n=k+1, we have

SED @) = (D) *
= (e‘”sz3k(1/x))/ by induction hypothesis

3 2
-e {2 (][R AW
Since [2£3P3(¢)] — [2P,(¢)] is a real polynomial of degree 3k + 3, we define
[263P3i(¢)] — [£2P5,(¢)] = P3ii3(2), and thus we have by (*¥)
SED(x) = e Py (1/x).

So, as n = k+ 1, it holds. Therefore, by Mathematical Induction, we have proved the
claim.

Use the claim to show that /0(0) = 0, (n = 1,2,...) as follows. As n = 0, it is trivial
by hypothesis. Suppose that n = & holds, i.e., f®(0) = 0. Thenasn = k+ 1, we have

= 0, where p(x) is any real polynomial. *



SO -
= “—~* by induction hypothesis

e*”szgk(l/x)
X

LoD ey s — 17x)
e

_ (M)(:_;) ~ 0ast - 40 ( & x > 0) by (¥).

SO &) —f®(0)
x—0

el
Hence, /&1 (0) = 0. So, by Mathematical Induction, we have proved that /7 (0) = 0,
n=12,.)
Since

lim/) (x) = lime=15" Py, (1/x)

— i P3n(1/x)
- &13)1 el/x2

we know that /") (x) is continuous at 0.

Remark: 1. Here is a proof on (*). Let P(x) be a real polynomial of degree n, and
choose an even number 2N > n. We consider a Taylor Expansion with Remainder as
follows. Since for any x, we have

2N+ L et 2N+
et = > —x + Gt 2)' x2N#2 > Z_xk
then
P(X) P(X)

0<

- Qasx » too

2N+1

since deg(P(x)) = n < deg(Z
proved

. ) = 2N + 1. By Sandwich Theorem, we have

lim L)

x-too € x

= 0.

2. Here is another proof on /' (0) = 0, (n = 1,2,...). By Exercise 5.15, it suffices to
show that lim,_o /" (x) = 0. For the part, we have proved in this exercise. So, we omit the
proof. Exercise 5.15 tells us that we need not make sure that the derivative of fat 0. The
reader should compare with Exercise 5.15 and Exercise 5.5.

3. In the future, we will encounter the exercise in Charpter 9. The Exercises tells us one
important thing that the Taylor’s series about 0 generated by f converges everywhere
on R, but it represents f only at the origin.

5.5 Define £, g, and & as follows: f{0) = g(0) = h(0) = 0 and, if x % 0,
flx) = sin(1/x), g(x) = xsin(1/x), hA(x) = x?sin(1/x). Show that

(@) f'(x) = —=1/x%>cos(1/x), if x # 0; f'(0) does not exist.



Proof: Trivially, /' (x) = —1/x2cos(1/x), if x # 0. Let {xn = ﬁ}, and thus
n(2n+5

consider
Sxn) —f0)  sin(1/x,)
x,—0 Xn
Hence, we know that /(0) does not exist.

(b) g'(x) = sin(1/x) — 1/xcos(1/x), if x # 0; g'(0) does not exist.

:n(2n+%> —> 0asn — oo,

Proof: Trivially, g’(x) = sin(1/x) — 1/xcos(1/x), ifx # 0. Let {xn = € 1+,> }, and
T n >
{yn = 53—}, we know that
gxn)—g0) _ . /1 _
=0 —sm(xn> = 1foralln
and

gn)—g0) . /1 _
=0 = sm<yn> = 0 for all n.

Hence, we know that g'(0) does not exist.
(¢) h'(x) = 2xsin(1/x) — cos(1/x), if x # 0; A'(0) = 0; lim,_o /' (x) does not exist.
Proof: Trivially, 4'(x) = 2xsin(1/x) — cos(1/x), if x = 0. Consider
‘ h(x) — h(0)
x—0

= Jesin(l/x)| < |x| > 0asx — 0,

so we know that 4'(0) = 0. In addition, let {xn =0 1+1> }, and {y, = 57—}, we have
T n >
B (xn) = —2—— and i'(ys) = —1 for all n.
(2n+ 1)

Hence, we know that lim,_o4'(x) does not exist.

5.6 Derive Leibnitz’s formula for the nth derivative of the product 4 of two functions
fand g :

n) — n\ k) o(n—k ny — l’l—'
ho = kz(;(k)f( )g(=h)(x), where (}) = oo
Proof: We prove it by mathematical Induction. As n = 1, it is clear since

h' = f'g+ g'f. Suppose that n = k holds, i.e., h®) = Zfzo(j’?)ﬁ)g("ff)(x). Consider
n =k+1, we have



hUD = (B®) = [i(};)ﬁ)g(w)(xq

j=0

(O[Dg% (x)]'
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So, as n = k+ 1, it holds. Hence, by Mathematical Induction, we have proved the
Leibnitz formula.

Remark: We use the famous formula called Pascal Theorem:(?]) = () + (%,,),
where 0 < k < n.

5.7 Let f'and g be two functions defined and having finite third-order derivatives /"' (x)
and g"'(x) for all x in R. If f(x)g(x) = 1 for all x, show that the relations in (a), (b), (c),
and (d) holds at those points where the denominators are not zero:

(a) f (x)/flx) + g'(x)/g(x) = 0.
Proof: Since f{x)g(x) = 1 for all x, we have /g + g'f = 0 for all x. By hypothesis, we
have
fg+gf
g

which implies that

= 0 for those points where the denominators are not zero

S @)Ifx) + g'(x)/g(x) = 0.

(b) /" ()/f'(x) = 2f ()/fix) — g"(x)/g'(x) = 0.

Proof: Since f'g + g'f = 0 for all x, we have (fg +g'f)' = f'g+2f'g' +g"f = 0. By
hypothesis, we have



_ flg+2fg +g'f

/g
f/ g/ g//
= +2= 4
g I
4 g(f)
! f/ "
=L -2l - 8 by (a)
for g
S f'(X)g”(X) [ '
© Fo 3 Teorm 3o T ew
Proof: By (b), we have (f'g +2f' g’ + g”f) 0=/"g+3f"g+3fg" +fg". By
hypothesis, we have
f//g+ 3 /g/ 4 3f7g// +fg///
/g
1" / ! 1"
ANEY SN 4 g LB
f e W

-G (f )+3g”< )+ (7)
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Proof: By (c), we have % & 3(f Le' ) Since
I rg g
7R

Il
|—
1

2
we know that Z— — % = %|:

ﬁ)z _ (g_” }

7 ( 7 7 which implies that
JO NN G4 )2 _ w3 (g”(x>

/) 2 /@) do 2\ ¢w

Note. The expression which appears on the left side of (d) is called the Schwarzian
derivative of f at x.

(e) Show that f'and g have the same Schwarzian derivative if
g(x) = [af(x) + b]/(cf(x) + d), where ad — bc + 0.
Hint. If ¢ # 0, write (af + b)/(cf+d) = (a/c) + (bc — ad)/[c(cf+ d)], and apply part
(d).

Proof: If ¢ = 0, we have g = 4f+ £ So, we have



g 3(2'®Y
gx) 2 (g’(X) )
A, 3(ﬁ%w>2

<f(x) 2\ 4f(x)
S ;(m)
S (x) fx) )

So, fand g have the same Schwarzian derivative.
Ifc # 0, write g = (af + b)/(cf+d) = (alc) + (bc — ad)/[c(cf+ d)], then

(cg—a)[ bclad)(cﬂ d)} — 1 since ad — be # 0.
LetG = cg—a, and F = ( bcla —)(cf+d), then GF = 1. It implies that by (d),

F_/// (F// ) _ GH/ ( GH )
F 2 G’

! c 2
F"_3 qu_<gm)/_;[umﬂﬂJ

! i - c
F 2 F ( bc—ad )f

which implies that

B 3 7\ 2

_7_7(7)
cg/// 3 (¢ N 2

3%

So, f'and g have the same Schwarzian derivative.

5.8 Let f1, f>, g1, g2 be functions having derivatives in (a,b). Define F by means of
the determinant

Silx)  fa(x)

F(x) =
O~ 0w e

,ifx € (a,b).

(a) Show that F'(x) exists for each x in (a,b) and that

Fix) = fikx)  fr(x) MPAORNECON]
gi(x) ga(x) gi(x) gr(x)
Hx) folx)

Proof: Since F(x) =
gi(x) g(x)

F' = figa +f1g5 — 281 — /28]

= (fig2 = frg1) + (figh — f28))
fix) fo(x) Silx)  falx)
gi1(x) g2(x) gix) ghx) |

‘ = f1g> — f>g1, we have




(b) State and prove a more general result for nth order determinants.

Proof: Claim that if

fll f12 fln
F(x) _ f21 f‘22 on ’
fnl ﬁzZ fnn
then
S S S Ju Sz S Su Sz S
Fl(x) = o S S | S S S | [ 2 S
St Sz oo S Jor Sz oo S S Sz oo S

We prove it by Mahematial Induction. As n = 2, it has proved in (a). Suppose that n = k
holds, consider n = k+ 1,

Ju  fioo oo fikn
fa o o fua

!

fk+11 fk+12 fk+1k+1
Jiz oo fuen Ju o fu

=DMl o (=) DD L
Jio oo Suen S oo S
=....(The reader can write it down by induction hypothesis).
Hence, by Mathematical Induction, we have proved it.

Remark: The reader should keep it in mind since it is useful in Analysis. For example,
we have the following Theorem.

(Theorem) Suppose that f,g, and % are continuous on [a, b], and differentiable on
(a,b). Then there is a & € (a,b) such that

f(&) &) h)

fa) gla) h(a) | =0.

fb) g(b) h(b)
Proof: Let

fx) glx) h(x)
F(x) = | fla) gla) h(a) |,
fb) g(b) h(b)
then it is clear that F(x) is continuous on [a, b] and differentiable on (a,b) since the

operations on determinant involving addition, substraction, and multiplication without
division. Consider

F(a) = F(b) =0,
then by Rolle’s Theorem, we know that



F'(&) =0, where & € (a,b),
which implies that

f©&) &' n()
fla) gla) ha) |=0.
Jb) g(b) h(b)

(Application- Generalized Mean Value Theorem) Suppose that fand g are
continuous on [a,b], and differentiable on (a,b). Then there is a & € (a,b) such that

[f(6) - fla)]g'(§) = 1 (S)gb) —gla)].
Proof: Let 4(x) = 1, and thus by (*), we have

f(&) g¢ o
fla) g@) 1 | =0,
fb) gb) 1

which implies that

| @) g || SO £©)
fb)  g(b) fla)  gla)

‘:o

which implies that
[f(b) - fla)]g'(§) = 1 (S)gb) —gla)].

Note: Use the similar method, we can show Mean Value Theorem by letting
g(x) = x, and A(x) = 1. And from this viewpoint, we know that Rolle’s Theorem, Mean
Value Theorem, and Generalized Mean Value Theorem are equivalent.

5.9 Given n functions f1,...,fn, €ach having nth order derivatives in (a,b). A
function W, called the Wronskian of f1,...,f,, is defined as follows: For each x in (a,b),
W(x) is the value of the determinant of order » whose element in the kth row and mth
column isf(,f_l)(x), where k = 1,2,..,nand m = 1,2,...,n. [The expressionf(,,?)(x) 1S
written for f,,(x). ]

(a) Show that ' (x) can be obtained by replacing the last row of the determinant
defining W(x) by the nth derivatives /" (x),..../% (x).

Proof: Write

S /2 oo Jn

oo |h A A

f(n 1) f(n 1) f(n 1)
and note that if any two rows are the same, its determinant is 0; hence, by Exercise 5.8-(b),
we know that




N /> N

S g e
f(ln) 2n) ﬁzn)

(b) Assuming the existence of »n constants cy,...,c,, not all zero, such that
cifi(x) +...cafn(x) = 0 for every x in (a,b), show that W(x) = 0 for each x in (a,b).

W(x) =

Proof: Since ¢ f1(x) +...cafn(x) = 0 for every x in (a,b), where cy,...,c,, not all
zero. Without loss of generality, we may assume c¢; # 0, we know that
c]f(lk)(x) +. ..cnﬁ,k)(x) = 0 for every x in (a,b), where 0 < k < n. Hence, we have

i A S
L R

f(ln—l) 2n—l) ﬁln—l)

W(x)

=0
since the first column is a linear combination of other columns.

Note. A set of functions satisfing such a relation is said to be a linearly dependent set
on (a,b).

(c) The vanishing of the Wronskian throughout (a,b) is necessary, but not sufficient.
for linear dependence of f1,...,f,. Show that in the case of two functions, if the Wronskian
vanishes throughout (a, ) and if one of the functions does not vanish in (a,b), then they
form a linearly dependent set in (a,b).

Proof: Let fand g be continuous and differentiable on (a,b). Suppose that f{x) # O for
all x € (a,b). Since the Wronskian of fand g is 0, for all x € (a,b), we have

fg'—fg=0forallx € (a,b).
Since f(x) # 0 for all x € (a,b), we have by (*),

fg/f_zfg ~0 > (%)/ = 0 forall x € (a,b).

Hence, there is a constant ¢ such that g = ¢f for all x € (a,b). Hence, {f,g} forms a
linearly dependent set.

Remark: This exercise in (b) is a impotant theorem on O.D.E. We often write (b) in
other form as follows.

(Theorem) Let f1,..,f, be continuous and differentiable on an interval /. If
W(fi,....fa)(to) # 0 for some ¢y € I, then {f,..,f»} is linearly independent on /

Note: If {f1,..,fx} is linearly independent on /, It is NOT necessary that
W(f1,....fa)(to) # 0 for some ¢y € I. For example, f{t) = #2|¢|, and g(¢) = £3. It is easy to
check {f,g} is linearly independent on (—1,1). And W(f,g)(¢) = O forall t € (—1,1).

Supplement on Chain Rule and Inverse Function Theorem.

The following theorem is called chain rule, it is well-known that let f be defined on an
open interval S, let g be defined on f{S), and consider the composite function g o f defined
on S by the equation



g o flx) = g(fx)).
Assume that there is a point ¢ in S such that f{c) is an interior point of f{.S). If fis
differentiable at ¢ and g is differentiable at f{c), then g o f'is differentiable at ¢, and we
have

gof(c) = g (fle)f ().
We do not give a proof, in fact, the proof can be found in this text book. We will give
another Theorem called The Converse of Chain Rule as follows.

(The Converse of Chain Rule) Suppose that f, g and u are related so that
flx) = g(u(x)). If u(x) is continuous at xo, f'(xo) exists, g'(u(x()) exists and not zero.
Then u'(x) is defined and we have

f'(xo) = g'(ulxo))u'(xo).

Proof: Since f'(x() exists, and g'(u(x()) exists, then

Sx) = flxo) +f(x0)(x —x0) + o(]x — xo]) *
and
g(ux)) = g(ulxo)) + g (ulxo))(ux) — ulxo)) + o(ju(x) — u(xo)|). o
Since flx) = g(u(x)), and f(xo) = g(u(xo)), by (*) and (**), we know that
u(x) = ulxg) + %(}C —x0) + o(|x —x¢|) + o(|u(x) — u(xo)|). *kk

Note that since u(x) 1s continuous at x,, we know that o(Ju(x) — u(xo)|) - 0 asx — xo.
So, (***) means that u'(x) is defined and we have

S(x0) = g'(u(xo))u'(x0).
Remark: The condition that g’'(u(x()) is not zero is essential, for example, g(x) = 1 on
(-1,1) and u(x) = |x|, where xo = 0.

(Inverse Function Theroem) Suppose that f'is continuous, strictly monotonic function
which has an open interval / for domain and has range J. (It implies that
flg(x)) = x = g(f{x)) on its corresponding domain.) Assume that x is a point of J such
that ' (g(xo)) is defined and is different from zero. Then g'(x() exists, and we have

' 1
(x0) = ——.
&0 Flelxo))
Proof: It is a result of the converse of chain rule note that
flg(x)) = x.

Mean Value Theorem

5.10 Given a function defined and having a finite derivative in (a,b) and such that
lim,;- f(x) = +oo. Prove that lim,,- /' (x) either fails to exist or is infinite.

Proof: Suppose NOT, we have the existence of lim,_,- /' (x), denoted the limit by L.
So, given ¢ = 1, there isa o > 0 such that as x € (b — ,b) we have

[fel < ||+ 1. *
Consider x,a € (b —06,b) with x > a, then we have by (*) and Mean Value Theorem,
[fx) = fla)| = [f'(§)(x — a)| where & € (a,x)
< (Ll + Dlx —a|
which implies that



o)l = [Aa)| + (L] + 1)d
which contradicts to lim,_,- f{x) = +oo.
Hence, lim,.,- ' (x) either fails to exist or is infinite.

5. 1 1 Show that the formula in the Mean Value Theorem can be written as follows:

flat h;)l =D _ p(x + om),

where 0 < 0 < 1.

Proof: (Mean Value Theorem) Let fand g be continuous on [a,b] and differentiable
on (a,b). Then there exists a & € (a,b) such that f(b) — fla) = f(&)(b — a). Note that
E=a+0(b—-a), where 0 < 6 < 1. So, we have proved the exercise.

Determine 6 as a function of x and 4, and keep x # 0 fixed, and find lim;_( 6 in each
case.

(a) flx) = x>

Proof: Consider

f(“h})l_ﬂx) - (“hf):_xz = 2x+h=20x+0h) = f(x+0h)

which implies that
0 =1/2.
Hence, we know that lim;_,0 = 1/2.

(b) flx) = x3.

Proof: Consider

f(X+h})l—f(x) _ (x+h]):_x3 = 3x2 + 3xh + h? = 3(x + 0h)* = f (x + Oh)

which implies that

—3x £ J9x2 + 9xh + 3h2
3h
Since 0 < 6 < 1, we consider two cases. (1) x > 0, (ii) x < 0.
(1) Asx > 0, since

0 =

—3x £ J9x2 + 9xh + 3h?
3h

0<6-= <1,

we have
—3x++ 9x2+9xh+3 1?2
3h

—3x+4/ 9x2+9xh+3h2
3h

0 if A > 0, and 4 is sufficiently close to 0,

if h < 0, and 4 is sufficiently close to 0.

Hence, we know that lim,_, 6 = 1/2 by L-Hospital Rule.
(i1) As x < 0, we have

—3x—/ 9x2+9xh+3h?
3h
0 =
—3x—/ 9x2+9xh+3h2
3h

if & > 0, and 4 is sufficiently close to 0,
if & < 0, and 4 is sufficiently close to 0.

Hence, we know that lim,_,60 = 1/2 by L-Hospital Rule.
From (i) and (ii), we know that as x # 0, we have lim,_,0 = 1/2.



Remark: For x = 0, we can show that lim;_¢0 = g as follows.

Proof: Since
+ /34?2

0<0= 3 <1,
we have
3r2 . Bh 3.
0 - 3 —3—h—Tlfh>0,
32 _ BBh _ 3.
3 _W_Tlfh<0'

Hence, we know that lim,_( 0 =

(c) flx) = e~.

Proof: Consider

3
3

Sl + h})l —fx) _ e”hh— et — ovh = f(x + Oh)
which implies that

o logehT‘1
h
Hence, we know that lim;_o6 = 1/2 since
=1
limé = lim —& &
h-0 h-0 h
_ i eth—e" + 1 ) -
- 1}111101 e —1) by L-Hospital Rule.
Note thate” = 1 + h + hTZ + o(h?)
++h+o(l)
= lm "
=0 1+ 2 +o(h)
= 1/2.
(d) fix) = logx, x > 0.
Proof: Consider
fath) —f) logl+%)
h B h - x+6h

which implies that
L —log(l+4)
 L(og(1+4))
Since log(1 +¢) = ¢t — % + o(#?), we have




lim6 = lim *

L-1(&) +o((H)))
h

7<——7<—> R @D)
) 1) +o((4)")
T ) 4 o((1))
B 7-1—0(1)
e T L)+ o(h)
= 1/2.

5.12 Take f{x) = 3x* —2x3 —x?> + 1 and g(x) = 4x3 — 3x? — 2x in Theorem 5.20. Show
that /' (x)/g’'(x) is never equal to the quotient [/{1) — f{0)]/[g(1) — g(0)] if 0 < x < 1. How
do you reconcile this with the equation

fb)-fa) _ f(x1)
gb)—gla)  g'(x1)’

obtainable from Theorem 5.20 whenn = 1?

a<x <b,

Solution: Note that

2 _6y—0 — _ (41, (1L _ (41 _ (1L 1, /1L
12x% —6x -2 12|:x (4+ 48):||:x (4 48):|,where(0<4+ 43 < 1.

So, when we consider
AD-f0) _
g(1) —g(0)
and
f(x) = 12x3 — 6x2 — 2x = xg'(x) = x(12x2 — 6x — 2),
we CANNOT write /' (x)/g’'(x) = x. Otherwise, it leads us to get a contradiction.

Remark: It should be careful when we use Generalized Mean Value Theorem, we
had better not write the above form unless we know that the denominator is not zero.

5.13 In each of the following special cases of Theorem 5.20, taken = 1, ¢ = a, x = b,
and show that x| = (a + b)/2.

(a) flx) = sinx, g(x) = cosx;
Proof: Since, by Theorem 5.20,
(sina — sinb)[—sin(x;)] = |:2cos( ath s1n( > —b ) :| [—sin(x;)]

= (cosa —cosbh)(cosxy)

[ 2s1n( atbh sin(aT_b> }(cosxl),

we find that if we choose x; = (a + b)/2, then both are equal.

(b) fx) = e, glx) = e
Proof: Since, by Theorem 5.20,
(e*—e)(—e™) = (e —eP)(em),

we find that if we choose x; = (a + b)/2, then both are equal.

Can you find a general class of such pairs of functions f'and g for which x; will always
be (a + b)/2 and such that both examples (a) and (b) are in this class?



Proof: Look at the Generalized Mean Value Theorem, we try to get something from
the equality.

@) -f0)]g (451 ) = [g(@) - g@®))f (452),
if f(x), and g(x) satisfy following two conditions,
(1) f'(x) = g(=x) and g'(x) = —f(-x)

(if) (@) - )| #(~452 ) | = [et@) - g0))[ e(-452) |,

then we have the equality (*).

and

5.14 Given a function f defined and having a finite derivative /' in the half-open
interval 0 < x < 1 and such that |[/'(x)| < 1. Define a, = f(1/n) forn = 1,2,3,..., and
show that lim,-. a, exists.

Hint. Cauchy condition.

Proof: Consider n > m, and by Mean Value Theorem,
\an — am| = [f(1/n) — 1/m)| = [f’(p)]|% - %| < |% _ %|

then {a,} is a Cauchy sequence since {1/n} is a Cauchy sequence. Hence, we know that
lim~0 @, exists.

5.15 Assume that f'has a finite derivative at each point of the open interval (a, b).
Assume also that lim,../'(x) exists and is finite for some interior point ¢. Prove that the
value of this limit must be f'(¢).

Proof: It can be proved by Exercise 5.16; we omit it.
5.16 Let fbe continuous on (a,b) with a finite derivative /' everywhere in (a,b),

expect possibly at ¢. If lim,..f'(x) exists and has the value 4, show that '(¢) must also
exist and has the value A4.

Proof: Consider, for x + c,

f(x ) ﬂc) = f'(&) where & € (x,c) or (¢c,x) by Mean Value Theorem,

since limxﬁcf(x) exists, given € > 0, thereisa d > 0 such thatasx € (¢ —0d,c +98) — {c},
we have

A-e<f(x)<A+e.
So, if we choose x € (¢ —d,c+0) — {c} in (¥), we then have

A< LMD _piey g
That is, f'(c) exists and equals A.

Remark: (1) Here is another proof by L-Hospital Rule. Since it is so obvious that we
omit the proof.

(2) We should be noted that Exercise 5.16 implies Exercise 5.15. Both methods
mentioned in Exercise 5.16 are suitable for Exercise 5.15.

5.17 Let f'be continuous on [0, 1], f{0) = 0, f'(x) defined for each x in (0, 1). Prove
that if /' is an increasing function on (0, 1), then so is too is the function g defined by the

equation g(x) = f(x)/x.
Proof: Since /' is an increasing function on (0, 1), we know that, for any x € (0, 1)



o)~ 8 =y OZIOL iy p() > 0 where & € (0.).
So, let x > y, we have

gx) —g(y) = g'(@)(x-y), wherey < z < x
_f (Z)ZZ 2—]‘(2) (x— )

> 0 by (¥)
which implies that g is an increasing function on (0, 1).

5.18 Assume f'has a finite derivative in (a,b) and is continuous on [a,b] with
fla) = f(b) = 0. Prove that for every real A there is some c in (a,b) such that

f(C) = Mc).
Hint. Apply Rolle’s Theorem to g(x)f(x) for a suitable g depending on A.
Proof: Consider g(x) = f(x)e ™, then by Rolle’s Theorem,
gla) — g(b) = g'(c)(a—b), where ¢ € (a,b)
=0
which implies that

f(e) = Mfc).

Remark: (1) The finding of an auxiliary function usually comes from the equation that
we consider. We will give some questions around this to get more.

(2)There are some questions about finding auxiliary functions; we write it as follows.
(1) Show that e” > r¢.

Proof: (STUDY) Since logx is a strictly increasing on (0,0), in order to show
e™ > ¢, it suffices to show that
rwloge = loge™ > logn® = elogn
which implies that

loge log
e - m -

Consider f{x) = <2~ : [¢,), we have

1) = ﬂ < 0 where x € (e,).

loge

So, we know that f{(x) is strictly decreasmg on [e,»). Hence, > 10,%” . That is,

e’ > me.

(11) Show that e > 1 + x for all x € R.

Proof: By Taylor Theorem with Remainder Term, we know that

C
e =1+x+ %xz, for some c.

So, we finally have e > 1 + x for all x € R.

Note: (a) The method in (i1) tells us one thing, we can give a theorem as follows. Let
f € C?*([a,b]), and f@"(x) exists and /> (x) > 0 on (a,b). Then we have

2n-1

fx) > Zﬂ )(a).



Proof: By Generalized Mean Value Theorem, we complete it.

(b) There are many proofs about that e* > 1 + x for all x € R. We list them as a
reference.

(b-1) Let f{x) = e* — 1 —x, and thus consider the extremum.
(b-2) Use Mean Value Theorem.
(b-3) Sincee* -1 > 0 forx > 0 and e* — 1 < 0 for x < 0, we then have

x 0
f (e — 1)dt > 0 and f (e — 1)dt < 0.
0 X
So,e¥ > 1+xforallx € R.

(ii1) Let f'be continuous function on [a, ], and differentiabel on (a,b). Prove that there
exists a ¢ € (a,b) such that

f(c) = ﬂc) ﬂa)

Proof: (STUDY) Since f'(c) = 2979 we con51der ()b -c) - (flc) - fla)).
Hence, we choose g(x) = (f(x) — f{a))(b — x), then by Rolle’s Theorem,
gla) — g(b) = g'(c)(a—b) where ¢ € (a,b)
which implies thatf (c) = 2922

(iv) Let f'be a polynomial of degree n, if f > 0 on R, then we have
f+f +..4 > 0onR.

Proof: Let g(x) = f+ f +..+/®), then we have
g—g = f> 0onR since fis a polynomial of degree n.
Consider A(x) = g(x)e™, then /' (x) = (g'(x) — g(x))e™ < 0 on R by (*). It means that /

is a decreasing function on R. Since lim,..»A(x) = 0 by the fact g is still a polynomial,
then 4(x) > 0 on R. That is, g(x) > 0 on R.

(v) Suppose that f'is continuous on [a,b], fla) = 0 = f(b), and
x2f'(x) + 4xf'(x) + 2f(x) > 0 for all x € (a,b). Prove that f{x) < 0 on [a,b].

Proof: (STUDY) Since x2f"(x) + 4xf' (x) + 2/(x) = [x2f(x)]" by Leibnitz Rule, let
g(x) = x2f(x), then claim that g(x) < 0 on [a,b].

Suppose NOT, there is a point p € (a,b) such that g(p) > 0. Note that since f{a) = 0,
and f(b) = 0, So, g(x) has an absolute maximum at ¢ € (a,b). Hence, we have g'(c) = 0.
By Taylor Theorem with Remainder term, we have

glx) =glc)+g'(c)x—c) + H(é) (x — c) where & € (x,c) or (c,x)

> g(c) since g'(c) = 0, and g"(x) > 0forallx € (a,b)
> 0 since g(c) is absolute maximum.
So,
x*f(x) = *flc) > 0
which is absurb since let x = a in (**).
(Vl) Suppose that f'is continuous and differentiable on [0, ), and
limyo f'(x) + f{x) = 0, show that lim,.. f(x) = 0.

Proof: Since lim,.«f (x) + f{x) = 0, then given ¢ > 0, there is M > 0 such that as
x > M, we have

3k



—e<f(x)+flx) <e.
So, as x > M, we have
[—ge* + geM + geMfAM)] = —ee*
< [e'ftx)]’
< ge* = [ge* — geM + eeMfIM)]' .
If we let —ge* + geM + geMfIiM) = g(x), and ge* — geM + geMf(M) = h(x), then we have
g'(x) < [e0)] < W' (x)
and
gM) = eVfAM) = h(M).
Hence, for x > M,
—ge* + geM + geMfiM) = g(x)
< e*f(x)
< h(x) = ge* — geM + geMf(M)
It implies that, for x > M,
— &+ e*[eeM + geMfIM)] < flx) < € — e*[eeM — geMfIM)]
which implies that
lim f(x) = 0 since ¢ is arbitrary.

Note: In the process of proof, we use the result on Mean Value Theorem. Let £, g, and
h be continuous on [a, b] and differentiable on (a,b). Suppose fla) = g(a) = h(a) and
f(x) < g'(x) < h'(x)on (a,b). Show that f{x) < g(x) < h(x) on [a,b].
Proof: By Mean Value theorem, we have
[g(x) —fx)] - [g(a) - Aa)] = g(x) — fTx)
= g'(¢) —f(c), where ¢ € (a,x).
< 0 by hypothesis.
So, f{x) < g(x) on [a,b]. Similarly for g(x) < A(x) on [a,b]. Hence, f(x) < g(x) < h(x)
on [a,b].
(vii) Let f{x) = a;sinx +...+a,sinnx, where a; are real for i = 1,2,..n. Suppose that
[f(x)| < |x| for all real x. Prove that |a; +..+na,| < 1.

Proof: Let x > 0, and by Mean Value Theorem, we have
[flx) =f0)| = |[f(x)| = |a;sinx +...+a,sinnx|
= |f'(¢)x|, where ¢ € (0,x)
= |(a)cosc +...+na, cosnc)x|
< |x| by hypothesis.
So,
lajcosc +...+naycosnc| < 1
Note that as x - 0%, we have ¢ - 0*; hence, |a; +..+na,| < 1.

Note: Here are another type:
(a) [sin®x — sin?y| < |x — y| for all x, .
(b) [tanx — tany| > |x — y| for all x,y € (-5, F).

(viii) Letf: R — R be differentiable with /' (x) > ¢ for all x, where ¢ > 0. Show that



there is a point p such that f{p) = 0.
Proof: By Mean Vaule Theorem, we have

fx) = 0) +/ (x1)x > f0) +exifx >0
= fl0) +/(x2)x < A0) +cxifx <O.
So, as x large enough, we have f{x) > 0 and as x is smalle enough, we have f{x) < 0. Since
fis differentiable on R, it is continuous on R. Hence, by Intermediate Value Theorem,
we know that there is a point p such that f{(p) = 0.

(3) Here is another type about integral, but it is worth learning. Compare with (2)-(vii).
If

co + % +...+ nc_:1 = (0, where c; are real constants fori = 1,2,..n.

Prove that ¢( +...+c,x" has at least one real root between 0 and 1.

Proof: Suppose NOT, i.e., (i) flx) = co +...+c,x" > 0 for all x € [0, 1] or (ii)
fix) < Oforallx € [0,1].

In case (i), consider

1
0 < joﬂx)dx= co+%+...+ncﬁ =0

which is absurb. Similarly for case (i1).
So, we know that ¢( +...+c,x" has at least one real root between 0 and 1.

5.19. Assume fis continuous on [, b] and has a finite second derivative /' in the

open interval (a,b). Assume that the line segment joining the points 4 = (a,f{a)) and
B = (b,f(b)) intersects the graph of fin a third point P different from 4 and B. Prove that

f'(c¢) = 0 for some ¢ in (a,b).
Proof: Consider a straight line equation, called g(x) = fla) + %(}C —a). Then
h(x) = flx) — g(x), we knwo that there are three point x = a, p and b such that
h(a) = h(p) = h(b) = 0.
So, by Mean Value Theorem twice, we know that there is a point ¢ € (a,b) such that
h'(c) =0
which implies that /'(c) = 0 since g is a polynomial of degree at least 1.

5.20 If f'has a finite third derivative /' in [a,b] and if
fa) = f'(a) = fib) = f(b) =0,
prove that f'(c) = 0 for some c in (a, b).
Proof: Since f{a) = f(b) = 0, we have f(p) = 0 where p € (a,b) by Rolle’s
Theorem. Since f/'(a) = f'(p) = 0, we have f'(q1) = 0 where g, € (a,p) and since

f(p) =f(b) =0, we have /'(¢q2) = 0 where g, € (p,b) by Rolle’s Theorem. Since
f'(q1) =f'(q2) = 0, we have f"'(¢) = 0 where ¢ € (q1,92) by Rolle’s Theorem.

5.21 Assume fis nonnegative and has a finite third derivative /"' in the open interval
(0,1). If f{x) = 0 for at least two values of x in (0, 1), prove that /"'(¢) = 0 for some ¢ in
(0,1).

Proof: Since f{x) = 0 for at least two values of x in (0, 1), say fla) = f(b) = 0, where
a,b € (0,1). By Rolle’s Theorem, we have /' (p) = 0 where p € (a,b). Note that f'is
nonnegative and differentiable on (0, 1), so both f{a) and f(b) are local minima, where a
and b are interior to (a,b). Hence, f'(a) = f(b) = 0.



Since f'(a) = f(p) = 0, we have f'(q;) = 0 where ¢, € (a,p) and since
f(p) =f(b) =0, we have f'(¢q2) = 0 where g, € (p,b) by Rolle’s Theorem. Since
f'(q1) = f"(gq2) = 0, we have f"'(¢) = 0 where ¢ € (q1,92) by Rolle’s Theorem.

5.22 Assume fhas a finite derivative in some interval (a,+o).
(a) If fix) » 1 and f'(x) - casx — +0, prove that ¢ = 0.
Proof: Consider f{x + 1) — f{x) = f'(v) where y € (x,x + 1) by Mean Value Theorem,

since
lim ftx) = 1
which implies that
lim[fx+ 1) = fix)] = 0
which implies that (x - +00 & y - 400)
limf () = 0 = Jim /1)
Since f'(x) - ¢ as x - 4o, we know that ¢ = 0.

Remark: (i) There is a similar exercise; we write it as follows. If f{x) - L and
f(x) » casx - +oo, prove that ¢ = 0.

Proof: By the same method metioned in (a), we complete it.

(i1) The exercise tells that the function is smooth; its first derivative is smooth too.
(b) If f'(x) > 1 asx — +oo, prove that f{x)/x - 1 as x - +oo.

Proof: Given ¢ > 0, we want to find M > 0 such thatasx > M

Jx)

— 1| < e.

Since f'(x) —» 1 asx — +oo, then given &' = £, there is M' > 0 such that as x > M', we
have
F@ 1< £ = <1+£ *
By Taylor Theorem with Remainder Term,
fx) = M) +f(E)(x - M)
= flx) —x = fIM) + (&) - Dx = f (&M,
then for x > M,

29| |80 | ey £ | .

M) |, e £ M| by (*
s‘ “ +3+(1+3)‘ L | by (%)
Choose M > 0 such that as x > M > M', we have
ﬂ])\c/l)‘<£and‘%/‘<—8/3 . otk
3 (1+£)
Combine (**) with (***), we have proved that given ¢ > 0, there is a M > 0 such that as
x > M, we have

X

JON

< E&.

That is, limy..e 22 = 1.



Remark: If we can make sure that f{x) — o as x - +o, we can use L-Hopital Rule.
We give another proof as follows. It suffices to show that f{x) - o asx - +oo.

Proof: Since f'(x) - 1 asx — +oo, then given ¢ = 1, there is M > 0 such that as
x > M, we have

Fx)|<1+1=2,
Consider
Jx) = fM) + f1(E)(x — M)
by Taylor Theorem with Remainder Term, then
lim f{x) = +oo since f'(x) is bounded for x > M.

(¢) If/'(x) - 0 as x » +oo, prove that f{x)/x - 0 asx - +oo.
Proof: The method metioned in (b). We omit the proof.

Remark: (i) There is a similar exercise; we write it as follows. If /' (x) - L asx —» +o,
prove that f{x)/x - L as x - +oo. The proof is mentioned in (b), so we omit it.

(11) It should be careful that we CANNOT use L-Hospital Rule since we may not have
the fact f{x) - o asx — +o0. Hence, L-Hospital Rule cannot be used here. For example, f
is a constant function.

5.23 Let 4 be a fixed positive number. Show that there is no function f'satisfying the
following three conditions: f'(x) exists for x > 0, f(0) = 0, f'(x) > & forx > 0.

Proof: It is called Intermediate Value Theorem for Derivatives. (Sometimes, we
also call this theorem Darboux.) See the text book in Theorem 5.16.

(Supplement) 1. Suppose that @ € R, and f'is a twice-differentiable real function on
(a,0). Let My, M,, and M, are the least upper bound of |f{x)|, |/'(x)|, and |f" (x)],
respectively, on (a,0). Prove that M3 < 4M,M,.

Proof: Consider Taylor’s Theorem with Remainder Term,
_ L") 5712
fla+2h) = fla) +f(a)(2h) + 2—!(2h) , where i > 0.
then we have
/(@) = 5 [fla +2h) = fl@)] = /" (Eh
which implies that

Jf(a)| = %""th => M, < %-ﬁ-th.

Since g(h) = % + hM, has an absolute maximum at /% , hence by (*), we know that
M3 < AMyM,.

Remark:
2. Suppose that f'is a twice-differentiable real function on (0,), and /" is bounded on
(0,0), and f{x) - 0 asx — c. Prove that f'(x) - 0 asx - oo.

Proof: Since M? < 4M,M, in Supplement 1, we have prove it.

3. Suppose that f'is real, three times differentiable on [—1, 1], such that f{(—1) = 0,
A0) =0, f(1) =1, and f(0) = 0. Prove that /3 (x) > 3 for some x € (—1,1).

Proof: Consider Taylor’s Theorem with Remainder Term,



3)
SOe) x3, where ¢ € (x,0) or (0,x),

!
fx) = f0)+/(0)x + @xz + 3
Then let x = £1, and subtract one from another, we get
f3(e1) +fP(cy) = 6, where ¢; and ¢, in (—1,1).
So, we have prove /@) (x) > 3 for some x € (-1,1).
524 1th > 0and if /'(x) exists (and is finite) for every x in (@ — h,a + h), and if fis
continuous on [a — h,a + h], show that we have:

(a)

Na+h) ;ﬂ""” — Fla+0h) +f(a-0n).0<0<I:
Proof: Let g(h) = fla+ h) — fla — h), then by Mean Vaule Theorem, we have

g(h) —g(0) = g(h)
= g'(Oh)h, where 0 < 0 < 1

= [f'(a+0h) +f(a—0h))h

which implies that
fla+h) ;f(“_h) =f'(a+6h)+f(a—6h),0 <6 < 1.

(b)
fla+h) —2f§la) +fla—h) — fla+Ah) —f(a—Ah),0 < A < 1.

Proof: Let g(h) = fla+ h) — 2f(a) + fla — h), then by Mean Vaule Theorem, we have

g(h) —g(0) = g(h)
= g'(Ah)h, where 0 < A < 1

= [f'(a+ Ah) —f(a—Ah)]h

which implies that
j(a+h)—2f§la) + fla—h) = fla+Ah) —f(a—2h),0 < A< 1.

(c) If /' (a) exists, show that.
1a) = lhillolf(a +h) - 2];1(51) +fla—h)

Proof: Since
i fa+h) = 2fa) + fla—h)
750 h?
= lim Sla+h) 2‘hf (@=%) 1, L-Hospital Rule
flat+h) —f(a)  [fla)=f(a=h)
2 2

= lim
-0

= %(2f/(a)) since /"' (a) exists.

= f"(a).
Remark: There is another proof by using Generalized Mean Value theorem.
Proof: Let g,(h) = fla+ h) — 2f(a) + fla — h) and g,(h) = h?, then by Generalized

Mean Value theorem, we have



[g1(h) — £1(0)]g2(0h) = g (6h)[g2(h) — g2(0)]
which implies that

fla+h)-2fa)+fla—h) _ f(a+6h)—f(a—0h)
h? B

20h
Hence,
j(a +h)— 2f(a) + fla—h)
h—>0
f(a+ 6h) f(a 0h)
= Jm 26h

= f"(a) since f"'(a) exists.

(d) Give an example where the limit of the quotient in (¢) exists but where /" (a) does
not exist.

Solution: (STUDY) Note that in the proof of (c) by using L-Hospital Rule. We know
that |x| is not differentiable at x = 0, and |x| satisfies that

\O+h| \O hl _ f(0+h) —1(0—h)
h—>0 2h
So, let us try to find a function f so that f'(x) = |x|. So, consider its integral, we know that

) L ifx>0
X) =
2 ifx < 0

Remark: (i) There is a related statement; we write it as follows. Suppose that f defined
on (a,b) and has a derivative at ¢ € (a,b). If {x,} < (a,c) and {y,} < (c,b) with such
that (x, —y») - 0 asn — . Then we have

f(c) = hmf(y;z i)

n—oo

Hence, we complete it.

Proof: Since f'(¢) exists, we have

fn) = fle) +f(e)yn—c) +o(yn—c) *
and

flxn) = fle) +f(c)xn — ) + o(xn — ). *?
If we combine (*) and (*’), we have

Bt —ros G- s .

Note that

)%}n”%xc x”—_xcn|<lforalln,
we have

lim

n—o0

i o(yn—c) yn—c o(xn—c¢) x,—c
_hm|: Yn—C Yn—Xn + Xn—C Yn—Xn

EECRCEDY

Xn VYn —Xn

= 0.
which implies that, by (**)



fr(c) — },H%}f(yn) ﬂx") .

yn_xn

(i1) There is a good exercise; we write it as follows. Let /' € C*(a,b), and ¢ € (a,b).
For small |i| such that c + & € (a,b), write

fle+h) = fle) +f(c+0(h)h)h
where 0 < 6 < 1. Show that if /'(c) # 0, then lim,_0(h) = 1/2.

Proof: Since /' € C?*(a,b), by Taylor Theorem with Remainder Term, we have
!
fle+h)—flc) =f(c)h+ %hz, where & € (c,h) or (h,c)

= f'(c + 0(h)h)h by hypothesis.
So,

100D /@) 4y _ 1)
o 00 = T

and let 7 - 0, we have £ - ¢ by continuity of /" at c. Hence,
lhinge(h) = 1/2 since f'(c) + 0.

Note: We can modify our statement as follows. Let /' be defined on (a,b), and
c € (a,b). For small |h| such that c + & € (a,b), write

fle+h) = fle)+f(c+0Oh)h)h
where 0 < 6 < 1. Show that if /'(¢) # 0, and O(—x) = 0(x) for x € (a — h,a + h), then
limy_o0(h) = 1/2.

Proof: Use the exercise (c), we have

7'0) = tim KD —2j(c) +flc—h)
f(0+0(h)h) —f(c=0(=m)h)

h—>0 p by hypothesis
i GRS 9(h)2)(hf)" }fc O 20(hy since O(—x) = O(x) forx € (a—h,a+ h).

Since /" (c) # 0, we finally have lim;_o0(h) = 1/2.

5.25 Let f'have a finite derivatiive in (a,b) and assume that ¢ € (a,b). Consider the
following condition: For every € > 0, there exists a 1 —ball B(c;0), whose radius o
depends only on € and not on ¢, such that if x € B(c;d), and x # ¢, then

f(x) f(c) —f(e)| <.

Show that /' is continuous on (a, b) if this condition holds throughout (a, ).

Proof: Given ¢ > 0, we want to find a 6 > 0 such that as d(x,y) < 6, x,y € (a,b), we
have

) -f ) <&

Choose any point y € (a,b), and thus by hypothesis, given &' = ¢/2, there is a 1 —ball
B(y;6), whose radius 6 depends only on &' and not on y, such that if x € B(y;5), and
x # y, then,

ﬂx) f(y) —fO)| <el2 =¢.

Note that y € B(x,0), so, we also have



ﬂ—x))c :{,(y) —f(x)

<gR=¢

Combine (*) with (*”), we have

') =/ < e
Hence, we have proved f' is continuous on (a, b).
Remark: (i) The open interval can be changed into a closed interval; it just need to

consider its endpoints. That is, /' is continuous on [a, 5] if this condition holds throughout
[a,b]. The proof is similar, so we omit it.

(i1) The converse of statement in the exercise is alos true. We write it as follows. Let /'
be continuous on [a,b], and € > 0. Prove that there exists a d > 0 such that

ﬂx) f(c) —7(c)

<é

whenever 0 < |x —c¢| < 6, a < x,¢,< b.

Proof: Given ¢ > 0, we want to find a 06 > 0 such that

ﬂx) f(c) —7(c)

<é

whenever 0 < |x —c¢| < 8, a < x,¢ < b. Since f is continuous on [a,b], we know that ' is
uniformly continuous on [a,b]. That is, given ¢’ = & > 0, there is a & > 0 such that as
d(x,y) < 6, we have

/') =/ < e
Consider d(x,c) < 0, x € [a,b], then by (*), we have

f(x) f(c) —f ()| = |[f(x")—f(c)| < € by Mean Value Theorem

where d(x',x) < 6. So, we complete it.

Note: This could be expressed by saying that f'is uniformly differentiable on [a,b] if f
is continuous on [a, b].

5.26 Assume fhas a finite derivative in (a,b) and is continuous on [a,b], with
a < flx) < bforall xin [a,b] and |f'(x)| < @ < 1 for all x in (a,b). Prove that f'has a
unique fixed point in [a,b].

Proof: Given any x,y € [a,b], thus, by Mean Value Theorem, we have
[fx) = fO)| = [f' (2)[}x = y| < afx — y| by hypothesis.
So, we know that f'is a contraction on a complete metric space [a,b]. So, fhas a unique
fixed point in [a, b].

5.27 Give an example of a pair of functions f'and g having a finite derivatives in (0, 1),
such that

m )

) glx)

but such that lim,._,o g,(( . does not exist, choosing g so that g'(x) is never zero.

2

Proof: Let f{x) = sin(1/x) and g(x) = 1/x. Then it is trivial for that g’(x) is never zero.

In addition, we have

lim =% Jx) =0, and hm S ) does not exist.
0 g(x) 0 g'(x)



Remark: In this exercise, it tells us that the converse of L-Hospital Rule is NOT
necessary true. Here is a good exercise very like L-Hospital Rule, but it does not! We
write it as follows.

Suppose that /' (a) and g'(a) exist with g'(a) # 0, and f{a) = g(a) = 0. Prove that

(CO R A )
ey g) gl

Proof: Consider
po SO ) -fa) ) A/ - a)

T g(r) vt g() —gla) ¥ [gbr) - g(@)/(x - a)

_ f(a)

g'(a)

Note: (i) It should be noticed that we CANNOT use L-Hospital Rule since the
statement tells that f'and g have a derivative at a, we do not make sure of the situation of
other points.

since /'(a) and g'(a) exist with g'(a) # 0.

(i1) This holds also for complex functions. Let us recall the proof of L-Hospital Rule,
we need use the order field R; however, C is not an order field. Hence, L-Hospital Rule
does not hold for C. In fact, no order can be defined in the complex field since i2 = —1.

Supplement on L-Hospital Rule

We do not give a proof about the following fact. The reader may see the book named A
First Course in Real Analysis written by Protter and Morrey, Charpter 4, pp 88-91.

Theorem (2) Let fand g be continuous and differentiable on (a,b) with g’ # 0 on (a, b).
0

If
limf(x) =0= lirg}g(x) = 0 and
ALY
o gy 7
then
m LX)
o glx)

Remark: 1. The size of the interval (a, b) is of no importance; it suffices to
have g’ # 0 on (a,a + 8), for some 6 > 0.

2. (*) is a sufficient condition, not a necessary condition. For example,
flx) = x2, and g(x) = sin 1/x both defined on (0, 1).

3. We have some similar results: x - a™; x > a; x - +o(& 1/x - 07);
x - —oo(e 1/x - 07).

Theorem (<) Let fand g be continuous and differentiable on (a,b) with g’ + 0 on

(a,b). If
lim f(x) = oo = limg(x) = o0 and
@)
wat gllx) 7

then



m )
L glx)

Remark: 1. The proof is skilled, and it needs an algebraic identity.

2. We have some similar results: x - a™; x - a; x » +o(< 1/x - 01);
x - —oo(e 1/x - 07).

3. (*) is a sufficient condition, not a necessary condition. For example,
flx) = x + sinx, and g(x) = x.

Theorem (O. Stolz) Suppose that y, - o, and {y,} is increasing. If

s Xn = X1 _
}zllg Yn — Vn-1 L, (OI’ + OO)
then
}lggy = L. (or + o)

Remark: 1. The proof is skilled, and it needs an algebraic identity.

2. The difference between Theorem 2 and Theorem 3 is that x is a continuous
varibale but x, is not.

Theorem (Taylor Theorem with Remainder) Suppose that f'is a real function defined on
[a,b]. If f*(x) is continuous on [a, b], and differentiable on (a,b), then (let

x,c € [a,b], with x # ¢) there is a X, interior to the interval joining x and ¢ such
that

fx) = Pf(x)+fg i))'( e

where
Px) —Zﬂ (C) c)k.

Remark: 1. As n = 1, it is exactly Mean Value Theorem.

2. The part
f(n+1)(x)
(n+1)!
is called the remainder term.

(x=e)"" = Ru(x)

3. There are some types about remainder term. (Lagrange, Cauchy, Berstein,

etc.)
Lagrange
Ru(x) = %(x )"
Cauchy
Ry(r) = L0 +n?(x — D [(1-0)"(x - )™, where 0 < 0 < 1.
Berstein

Ru(x) = -k jj(x — )" D ()t



5.28 Prove the following theorem:
Let fand g be two functions having finite nth derivatives in (a,b). For some interior

point ¢ in (a,b), assume that f{c) = f'(c¢) =...= f*"V(c) = 0, and that
g(c) = g'(c) =...= g""V(c) = 0, but that g (x) is never zero in (a,b). Show that
CORLI )

o gx)  g™(e)’
NOTE. /™ and g™ are not assumed to be continuous at c.
Hint. Let

F@) = ftn) - £ S0,

define G similarly, and apply Theorem 5.20 to the functions F and G.
Proof: Let

Fo) = ) - L2 - o

and
() -
G) = gr) - EZE (e ey
then inductively,

F®(x) = f®(x) - (n{(n;(i)k)! (x = )"

and note that
F®(c)=0forallk =0,1,..,n—3, and F""2(c) = —f"(c).
Similarly for G Hence, by Theorem 5.20, we have
n—2
(k) (k)
[F(x) Er -0 }[wa(xl)] - [F<””(x1)][G(x) - G- c)"}
k=0 )

k=0

where x| between x and ¢, which implies that

g D)) = [P Ge)]g)]-

Note that since g is never zero on (a,b); it implies that there exists a § > 0 such that
every g® is never zero in (¢ — 8,¢ + 6) — {c}, where k = 0,1,2...,n. Hence, we have, by
(*)s
n—1)
lim —— Jx) = lim ]«1&
X—C g(X) X=C g(n— )(-xl)
n—1) _ {(n-1)
= lim S D) = /D) since x - ¢(= x; - ¢)
X|—¢ g(n—l)(xl) _ g(n—l)(c)
i D@D = () — )
17 (gD (xy) — g (e))/ (e = ¢)
_ /()

g™ (c)

since /") exists and g exists(+ 0) on (a,b).

Remark: (1) The hint is not correct from text book. The reader should find the
difference between them.

(2) Here ia another proof by L-Hospital Rule and Remark in Exercise 5.27.

Proof: Since g is never zero on (a,b), it implies that there exists a & > 0 such that



every g® is never zero in (¢ — 8,¢ + 6) — {c}, where k = 0,1,2...,n. So, we can apply
(n — 1) —times L-Hospital Rule methoned in Supplement, and thus get

S&) o S0
lxl—l:lg g(x) x—»c g(n 1)(x)
i L@ = 00 e)
x—»c g(n 1)(X) g(n 1)(0)
(@) — ()~ o)
H QD@ - g D) o)

n)
_ S since /") exists and g exists(+ 0) on (a,b).
g"(c)

5.29 Show that the formula in Taylor’s theorem can also be written as follows:
AR (C) b, - -x)""
ﬂx)_z C) + (}’l—l)' ﬂ (X1),
where x, is interior to the 1nterval joining x and c. Let 1 — 0 = (x —x;)/(x — ¢). Show that
0 < 0 < 1 and deduce the following form of the remainder term (due to Cauchy):
(1-0)""(x~
(n—1)!
Hint. Take G(¢) = ¢ in the proof of Theorem 5.20.

Proof: Let

c)nf(”)[Gx +(1=0)c].

n—1
Foy=3 S k;{,(t) (- ), and G(t) = 1,
k=0 ’

and note that

Fi(1) = ({;n_)(?), (="

then by Generalized Mean Value Theorem, we have

[F(x) = F(OIIG'(x1)] = [G(x) = G(O)][F (x1)]

which implies that

) — Zf( (C) —e)f = %(}C—M)n
_ f(n)(e)(cnt(i)_! 2 (x—¢)"(1-6)", where x; = 0x + (1 - 0)c.

So, we have prove that
n—1 /)
fwy = 2D oyt v r ),
k=0

where

Roi(x) = f(")(e’(cn“i), ) (x — ¢y(1 - 0)", where x, = 0x + (1 - 0)c

is called a Cauchy Remainder.

Supplement on some questions.
1. Let f'be continuous on [0, 1] and differentiable on (0, 1). Suppose that f{0) = 0 and



[f'(x)] < [fx)] for x € (0,1). Prove that f'is constant.
Proof: Given any x; € (0, 1], by Mean Value Theorem and hypothesis, we know that

[flx1) = f0)| = x1lf' (x2)| < x1[flx2)|, where x; € (0,x1).
So, we have

x| < x1 e xalfixn)| < M(xy « « +xn), where x,1 € (0,x,), and M = sup [f{x)|
x€la,b]

Since M(x; + « *x,) - 0, as n - oo, we finally have f{x;) = 0. Since x, is arbirary, we find
that f{x) = O on [0, 1].

2. Suppose that g is real function defined on R, with bounded derivative, say |g'| < M.
Fix & > 0, and define f{x) = x + £g(x). Show that fis 1-1 if ¢ is small enough. (It implies
that f'is strictly monotonic.)

Proof: Suppose that f{x) = f(y), i.e., x + gg(x) = y + £g(y) which implies that

v —x| = ¢lg(y) — g(x)| < eM]y — x| by Mean Value Theorem, and hypothesis.
So, as ¢ is small enough, we have x = y. That s, fis 1-1.

Supplement on Convex Function.

Definition(Convex Function) Let f'be defined on an interval /, and given 0 < 4 < 1,
we say that f'is a convex function if for any two points x,y € I,

SAx+ (1 -2)y) < Hx) + (1 =) Y).

For example, x? is a convex function on R. Sometimes, the reader may see another weak
definition of convex function in case A = 1/2. We will show that under continuity, two
definitions are equivalent. In addition, it should be noted that a convex function is not
necessarily continuous since we may give a jump on a continuous convex function on its
boundary points, for example, f{x) = x is a continuous convex function on [0, 1], and
define a function g as follows:

gx) =x,1fx € (0,1) and g(1) = g(0) = 2.
The function g is not continuous but convex. Note that if —f'is convex, we call f'is concave,

vice versa. Note that every increasing convex function of a convex function is convex. (For
example, if f'is convex, so is ¢/.) It is clear only by definition.

Theorem(Equivalence) Under continuity, two definitions are equivalent.

Proof: It suffices to consider if

f(x;r;v) < Sx) ;f(y)

then
fAx+ (0 -1)y) M)+ -A)f(y) forall0 < A < 1.
Since (*) holds, then by Mathematical Induction, it is easy to show that

](.x1 +...+X2n> < f(.x1)+...+f(X2n)
2 = 2 -

Claim that

f(%) < fxn) +'r'l'+ﬂx”) foralln € N.

Using Reverse Induction, let x, = ~-==%=L then

kk



X1 +...+x i X1 +... X1 X
f( 7 n>_f< 7. +_n>

n

= fxn)

< Sx) +',,'l'+ﬂx”) by induction hypothesis.
So, we have

/(xl +.. X, ) f(xl)+ +ﬂxn 1)

n—1 n—1
Hence, we have proved (**). Given a rational number m/n € (0,1), where
g.c.d.(m,n) = 1; we choose x = x| =...= xp, and y := x,,11 =...= X,, then by (**), we
finally have

n—m mf(x n—m
(n%x+( n)y)S f’S)_'_( n)f(y)z%f(X)*‘(l—%)f(Y) Hkk

Given A € (0,1), then there is a sequence {¢, (S Q) such that g, - A asn - o. Then
by continuity and (**%*), we get

SAx+ (1 =-2)y) < Hx) + (1 = V) ).

Remark: The Reverse Induction is that let S € N and § has two properties:(1) For
everyk > 0,2 e Sand(2)k € Sandk—1 € N, thenk—1 € S. Then S = N.

(Lemma) Let f'be a convex function on [a, b], then fis bounded.

Proof: Let M = max(f{a),f(b)), then every pointz € I, write z = aA + (1 — 1)b, we
have

fz) = flar + (1 = A)b) < Mla) + (1 = A)f(b) < M.

In addition, we may write z = "*b — t, where ¢ is chosen so that z runs through [a,b]. So,

we have
f(a+b)_2 a—é—b t)+% a+b+t)

CONCIOECIONE

2f(a2Lb) - M :=m < fz).
Hence, we have proved that f'is bounded above by M and bounded below by m.

which implies that

which implies that

(Theorem) If /' : 1 — R is convex, then f'satisfies a Lipschitz condition on any closed
interval [a,b] < int(I). In addition, f'is absolutely continuous on [a, b] and continuous on
int(I).

Proof: We choose (> 0) so that [a — &,b + £](< int(])). By preceding lemma, we
know that f'is bounded, say m < f{x) < M on [a — &,b + £]. Given any two points x, and y,
with a < x < y < b We consider an auxiliary point z = y + ¢, and a suitable A = 2=,
theny = Az + (1 — A)x. So,

J) =z + (1 = Dx) < M2) + (1 = Dflx) = A[f(z) = flx)] +fTx)

which implies that

) = fx) < AM—m) < L2 (M- m).

Change roles of x and y, we finally have



fy) —fx)| < K|y — x|, where K = M;m

That is, f'satisfies a Lipschitz condition on any closed interval [a,b].

We call that f'is absolutely continuous on [a, b] if given any ¢ > 0, thereisad > 0
such that for any collection of {(a;,b;)}_, of disjoint open intervals of [a,b] with
ZZ:I b; —a; < 8, we have

D Ib) - fla)| < e
k=1

Clearly, the choice 6 = ¢/K meets this requirement. Finally, the continuity of f on int(/) is
obvious.

(Theorem) Let fbe a differentiable real function defined on (a,b). Prove that f'is
convex if and only if /' is monotonically increasing.

Proof: (=) Suppose fis convex, and given x < y, we want to show that f'(x) < f'(y).
Choose s and ¢ such that x < u < s < y, then it is clear that we have

f) ~f) _ ) —fw) _ f0) —As)
u-—Xx - S—Uu - y—==s :

Lets —» y~, we have by (*)
u) —flx
A2 < 1)
which implies that, let u - x*

f &) <fO).
(<) Suppose that /' is monotonically increasing, it suffices to consider A = 1/2, if
x <y, then
Sx) + /) _/(x+y ) _ ) - A5H)T+ ) -A55)]
2 2 2
= S5 €0) ~/(62)], where &1 < &
< 0.

Similarly for x > y, and there is nothing to prove x = y. Hence, we know that f'is convex.

(Corollary 1) Assume next that /" (x) exists for every x € (a,b), and prove that fis
convex if and only if //(x) > 0 for all x € (a,b).

Proof: (=) Suppose that f'is convex, we have shown that /' is monotonically increasing.
So, we know that /" (x) > 0 for all x € (a,b).

(<) Suppose that /" (x) > 0 for all x € (a,b), it implies that /' is monotonically
increasing. So, we know that f'is convex.

(Corollary 2) Let 0 < B < a, then we have
1/B ,x a N la
(wﬂ +...+[y,,|ﬁ> - ([yl| 4.yl )
= n

n

Proof: Let p > 1, and since (x?)" = p(p — 1)x*2 > 0 for all x > 0, we know that
flx) = x? is convex. So, we have (let p = %)

<x1 +.. X, )wﬂ o X
n - n

by



f<X1 +.h.+x,, ) < Sxy) +-ﬁ-+f(xn) '

Choose x; = [y,-|ﬁ, where i = 1,2,..,n. Then by (*), we have

(Ly1|ﬂ+.h.+|yn|”>‘ (w oyl )“‘”

(Corollary 3) Define
r r N\ Ur
M (y) = (b“' +','l'+b}”| ) , where r > 0.

Then M,(y) is a monotonic function of » on (0, ). In particular, we have

Mi(y) < Ma(y),

that is,

IR AR ([y1|2 oyl )”2
n - n

Proof: It is clear by Corollary 2.
(Corollary 4) By definition of M,(y) in Corollary 3, we have
UmM, () = (1]« + pa) " = Mo()

and

lim M, ) = max(val;... bal) = Mao(y)

: i etoal” N
Proof: 1. Since M, (y) = (T> , taking log and thus by Mean Value
Theorem, we have

log("H50) 0 (L)X vl logli
r=0 (n)zizlbji‘

, where 0 < 7' < r.

So,
log ‘yl‘r+’«1»«+\y‘»1\")
IimM,(y) = lime—
r—0* ’(y) -0+

() Do bl sl
= lime (,,)ZHW

r-0%*

> el
K og|y;
. i=1 !

=e n

= (1] + = )™

2. Asr > 0, we have

r 1/r
{[maxuyl';;’ly”')] } < My(y) < {Imax(ifs- ... aD] "

which implies that, by Sandwich Theorem,
lim M, (y) = max(V1},....[val)

1/r ~ 1.

(Imequality 1) Let f'be convex on [a,b], and let ¢ € (a,b). Define

since lim, (1)



I(x) = fla) + LD (g,
then f(x) > I(x) for all x € [c,b].

Proof: Consider x € [c,d], then ¢ = =5 2 x, we have

fe) = §§ aﬂa)+ =)

which implies that
i) = flay + LD=ND (o gy — ),

(Inequality 2) Let /' be a convex function defined on (a,b). Leta < s <t < u < b,
then we have

O -As) _ fw)-fs) _ fa) — A1)
t—s - u—=s )

- u—t

Proof: By definition of convex, we know that

fx) Sﬂs)+1%(x—s),x € [s,u] *
and by inequality 1, we know that
fls) + %(x—s) < flx), x € [t,u]. ok

So, as x € [t,u], by (*) and (**), we finally have
S -As) _ fw) ~£s)
u—-s -

r—s -

Similarly, we have

fw) ~fls) _ flw) ~A0)
u—=s - u—t -
Hence, we have
A=) - fu) =fs) _ f) =f)

t—s - u—=s - u-—t

Remark: Using abvoe method, it is easy to verify that if f'is a convex function on (a,b),
then /" (x) and f, (x) exist for all x € (a,b). In addition, if x < y, where x,y € (a,b), then
we have

fo) < fix) S LO0) <00
That is, f, (x) and /" (x) are increasing on (a,b). We omit the proof.

(Exercise 1) Let f{x) be convex on (a,b), and assume that f'is differentiable at
c € (a,b), we have

I(x) = fle) + /() (x — ) < flx).

That is, the equation of tangent line is below f{x) if the equation of tangent line exists.

Proof: Since f'is differentiable at ¢ € (a,b), we write the equation of tangent line at c,
I(x) = fle) +f(e)(x - o).
Define
Sls) —fle)

§—C

f%whereb>t>c,

m(s) = where a < s < ¢ and m(t) =

then it is clear that

m(s) < f'(¢c) < m()
which implies that



(x) = fle) +f'(e)(x — ¢) < flx).

(Exercise 2) Let f : R — R be convex. If fis bounded above, then f'is a constant
function.

Proof: Suppose that f'is not constant, say f(a) + f(b), where a < b. If f(b) > fla), we
consider

S&x) =Ab) _ fb) —fla)
x—>b - b—a

, Where x > b
which implies that as x > b,
fix) > W(}C—b) + f(b) - +o0as x > +o©

And if f(b) < fla), we consider
f&) ~fla) _ fb) ~fla)
X—a = b-a

, where x < a

which implies that as x < a,

) = W(x—a) +fla) » +o0as x —» —.

So, we obtain that f'is not bouded above. So, f must be a constant function.
(Exercise 3) Note that e* is convex on R. Use this to show that 4. P.> G.P.
Proof: Since (¢*)" = e* > 0 on R, we know that e* is convex. So,

e < w, wherex; e R, i =1,2,...,n.

So,lete¥ =y, > 0, fori = 1,2,...,n. Then

(1 - e o) < LE W0
Vector-Valued functions
5.30 If a vector valued function f'is differentiable at ¢, prove that
/(€) = lim 5-[fle + ) = flo)].
Conversely, if this limit exists, prove that fis differentiable at c.

Proof: Write f = (f1,...,f») : S(€ R) - R", and let ¢ be an interior point of S. Then if
fis differentiable at ¢, each f; is differentiable at c. Hence,

lim - [f(c + 1) —f(e)]
(fl (c+h)=file)  fale+h) —fulc) )
) )

= lim
-0

= (limfl(chh})l —fi(e) .

h-0
= (1(©),.-.fu(€))
=f(©).

Conversly, it is obvious by above.

hmf"(c + h})l _ﬂ(c) )

h-0

<.y

Remark: We give a summary about this. Let /' be a vector valued function defined on
S. Write f: S(€ R") - R™, cis a interior point.

f = (f1,...,fn) 1s differentiable at ¢ < each f; is differentiable at c,
and



f = (f1,...,fn) 1s continuous at ¢ < each f; is continuous at c.
Note: The set S can be a subset in R”, the definition of differentiation in higher
dimensional space makes (*) holds. The reader can see textbook, Charpter 12.

5.31 A vector-valued function f'is differentiable at each point of (a,b) and has constant
norm ||f]|. Prove that f{z) - f(¢) = 0 on (a,b).

Proof: Since (f,f) = ||f]|* is constant on (a,b), we have (.} = 0 on (a,b). It implies
that 2(f,f') = 0 on (a,b). Thatis, f(¢) - f'(t) = 0 on (a,b).

Remark: The proof of (f,g)" = (f',g) + {f,g') is easy from definition of differentiation.
So, we omit it.

5.32 A vector-valued function fis never zero and has a derivative /' which exists and is
continuous on R. If there is a real function A such that f'(¢) = A(¢)f(¢) for all ¢, prove that
there is a positive real function u and a constant vector ¢ such that f{¢) = u(t)c for all ¢.

Proof: Since f'(z) = A(t)f(¢) for all #, we have
(A1 @), ... fu(@) = () = LOA) = ADf1@), ..., A1)

which implies that

LD = A(¢) since fis never zero.
fi(?)
Note that 2% is a continuous function from R to R for each i = 1,2,...,n, since f' is

Ji(®)
continuous on R, we have, by (¥)

;igg dr = [ 2t = fio) = %e“” fori = 1,2,...,n.

So, we finally have

A1) = (fi(0),....1n(0))
— ex(z)(f (a) Jn(a) )

1
eA(a) IRRRE e/l(a)

= u(t)c
where u(t) = X0 and e = (450 5

Supplement on Mean Value Theorem in higher dimensional space.

In the future, we will learn so called Mean Value Theorem in higher dimensional
space from the text book in Charpter 12. We give a similar result as supplement.

Suppose that f'is continuous mapping of [a,b] into R” and f'is differentiable in (a,b).
Then there exists x € (a,b) such that
1f0) = fa)ll < (b= a)llf ().
Proof: Let z = f(b) — fla), and define ¢(x) = f{x) - z which is a real valued function

defined on (a,b). It is clear that ¢(x) is continuous on [a, b] and differentiable on (a,b).
So, by Mean Value Theorem, we know that

d(b) — ¢(a) = ¢'(x)(b—a), where x € (a,b)

which implies that
6(b) = ¢(a)| = |9'(x)(b - a)|
< |IA(b) = fla)||l¢'(x) || (b — a) by Cauchy-Schwarz inequality.



So, we have
1) -fla)l < b-a)|f ().

Partial derivatives
5.33 Consider the function f deﬁned on R? by the following formulas:

flx,y) = 2+y2 if (x,y) # (0,0) f(0,0) = 0.

Prove that the partial derivatives D f(x,y) and D,f{(x,y) exist for every (x,y) in R? and
evaluate these derivatives explicitly in terms of x and y. Also, show that f'is not continuous
at (0,0).

Proof: It is clear that for all (x,y) # (0,0), we have

Dif(x,y) = 2— and Dof(x,y) = x———2
Ty (% +y2)°

2 2

For (x,y) = (0,0), we have
. ﬂx,O) —ﬂ0,0) —
Dif0,0) = lxlg)l x—0 =0

Similarly, we have
D,f(0,0) = 0.
In addition, let y = x and y = 2x, we have
lirglj(x,x) =12 # lirglf(x,Zx) = 2/5.
Hence, f'is not continuous at (0,0).

Remark: The existence of all partial derivatives does not make sure the continuity of f.
The trouble with partial derivatives is that they treat a function of several variables as a
function of one variable at a time.

5.34 Let f'be defined on R? as follows
f(xy) y 2+y2 lf(xny)#:(o O) f(O 0)_0

Compute the first- and second-order partial derivatives of f at the origin, when they exist.

Proof: For (x,y) # (0,0), it is clear that we have

_ 4n? _xt—dx2y?
Df(x,y) = —( 3 )2 and D,f(x,y) = +y2)2
and for (x,y) = (0,0), we have
D1f(0,0) = f(x 0) f(O 0) — 0, Dof(0,0) = f(0 y) f(0 0 _ 4

Hence,

D1/(0,0) = lim DJ(xO))C ’())ﬂo 0 _y,

Df(0,0) = lim 20 = 22/(0.0)

= lim 2 does not exist,
0 X

Df10.0) = lim 202 =DJ0.0)
’ 50 y—=0
and



hm = 0.

Daaf0.0)  tig 02— D100
y— y»Oy

Remark: We do not give a detail computation, but here are answers. Leave to the
reader as a practice. For (x,y) # (0,0), we have

4y3(y? — 3x2
D1 fx,y) = LJ
(x2 +y?)
4xy?(3x2 — y?)
D f(x,y) =
T
4xy?(3x2 — y?)
Dy f(x,y) =
) =
and
2012 _ 2y
Daofle,y) = 4x2y(y?* — 3x ).

(2 + %)’
complex-valued functions

5.35 Let S be an open set in C and let $* be the set of complex conjugates Z, where
z € 8. If fis defined on S, define g on S* as follows: g(z) = f(z), the complex conjugate
of f{z). If fis differentiable at ¢, prove that g is differentiable at ¢ and that g'(¢) = f'(¢).

Proof: Since ¢ € S, we know that c is an interior point. Thus, it is clear that ¢ is also an
interior point of $*. Note that we have

the conjugate of (f( ?) f(c) ) = %
z)—g(c - -
- 28280 by o) - o).
Note that z - ¢(& z —» ¢), so we know that if f'is differentiable at ¢, prove that g is
differentiable at ¢ and that g'(¢) = f'(¢).

5.36 (1) In each of the following examples write f = u + iv and find explicit formulas
for u(x,y) and v(x,y) : ( These functions are to be defined as indicated in Charpter 1.)

(a) flz) = sinz,
Solution: Since e”” = cosz + isinz, we know that

sinz = %[(ey +e7)sinx + i(e’ — e) cosx]

from sinz = % So, we have
e +e¥)sinx
u(r.y) = L)
and
ey —eV)cosx
Wry) = Lme)eosr

(b) f(z) = cosz,
Solution: Since e” = cosz + isinz, we know that
Cosz = %[(e‘y + e’)cosx + (e? — e¥)sinx]

from cosz =

eiz + e*iz
2

. So, we have



(e? +e¥)cosx

u(x,y) = <8
and
V(xy) = (e - ;y)sinx'
(©)fz) = [z,

1/2, we know that

u(x,y) = (x? +y?)

Solution: Since |z| = (x? +)?)
12

and
v(x,y) = 0.
(D) fz) =z,
Solution: Since z = x — iy, we know that
u(x,y) =x
and
v(x,y) = -y

(e) flz) = argz, (z # 0),
Solution: Since argz € R, we know that
u(x,y) = arg(x + iy)
and
v(x,y) = 0.

(D fz) = Log z, (z # 0),
Solution: Since Log z = log|z| + iarg(z), we know that

u(x,y) = log(x* +y2)"?
and

v(x,y) = arg(x + iy).
(@) fz) = €7,

Solution: Since e7* = ¢®*)+(2%)  we know that
u(x,y) = e’ cos(2xy)
and
v(x,y) = e~ sin(2xy).

(h) f(z) = z%, (a complex, z # 0).
Solution: Since z* = e%/°¢Z then we have (let a = o + iay)
Z0 = e(a]+ia2)(log|z\+iargz)
— (@i logll-as argz)+i(ay logllay argz)
So, we know that
u(x,y) = e logk-aarez cog(a, loglz| + a argz)

e log(x2+y2)”2—f12 arg(x+iv) cos <a2 log(x2 + yz) 12

+ aarg(x + iy))



and

e?1logkl-marez gin (g, loglz| + ) argz)

— i log( ) P arg(xtiv) sin(az log(x? +32)" + ay arg(x + iJ’)>.

v(x,y)

(i1) Show that © and v satisfy the Cauchy -Riemanns equation for the following values
ofz : All zin (a), (b), (g); no z in (c), (d), (e); all z except real z < 0 in (f), (h).

Proof: (a) sinz = u + iv, where

(e + e¥)sinx (e —e?)cosx

u(x,y) = 3 and v(x,y) = 5
So,
Uy = Vy = (e + Zy)cosx forallz = x + iy
and
Uy = —vy = (e” = e)sinx forall z = x + iy.

2

(b) cosz = u + iv, where

eV +e’)cosx eV —eY)sinx
u(ry) = LFEIOX gy ) = (22 )SI0X

So,
_ (e +e¥)sinx
2

Uy = Vy = forallz = x +iy.

and
(e —e?)cosx
2

Uy = —Vy = forallz = x +iy.

(¢) |z| = u + iv, where
u(x,y) = (x? +y2)1/2 and v(x,y) = 0.
So,

-12

Uy =x(x>+y*)" " =v,=0ifx =0,y = 0.

and

-12

uy =y +y*) " =-v,=0ifx# 0, y = 0.

So, we know that no z makes Cauchy-Riemann equations hold.

(d) Z = u + iv, where

u(x,y) = x and v(x,y) = —y.
So,
uy =1+ -1=v,.

So, we know that no z makes Cauchy-Riemann equations hold.

(e) argz = u + iv, where

— 7 < u(x,y) = arg(x? + )" < 7 and v(x,y) = 0.

Note that



(1) arctan(y/x), ifx > 0,y € R
2)r/2, ifx =0,y >0

u(x,y) = < (3) arctan(y/x) + 7, ifx < 0, y > 0

(4) arctan(y/x) — 7, ifx < 0, y < 0
(5) —n/2,ifx =0,y <O0.

and
ve = v, = 0.

So, we know that by (1)-(5), for (x,y) # (0,0)

_ Y

U =72 12
and for (x,y) ¢ {(x,y) : x < 0,y = 0}, we have
__ x

Hence, we know that no z makes Cauchy-Riemann equations hold.

Remark: We can give the conclusion as follows:

_ _ Y
(argz), = iy for (x,y) # (0,0)

and

(argz), = = iyz for (x,y) ¢ {(x,y) : x <0,y = 0}.

(f) Log z = u + iv, where

u(x,y) = log(x? +y2)1/2 and v(x,y) = arg(x? +y2)1/2.

Since
y = 2 — anduy = —=—
x2+y x2+y
and
Ve = ﬁ for (x,y) = (0,0) and v, = xszyz for (x,y) ¢ {(x,y) : x <0,y =0},

we know that all z except real z < 0 make Cauchy-Riemann equations hold.

Remark: Log z is differentiable on C — {(x,y) : x < 0,y = 0} since Cauchy-Riemann
equations along with continuity of u, + ivy, and u, + iv,.

(g) e = u + iv, where

u(x,y) = e’ cos(2xy) and v(x,y) = e’ sin(2xy).
So,
uy = v, = 2e¥ 7’ [x(cos2xy) — y(sin2xy)] for all z = x + iy.
and
Uy, = —vy = —2e* 7 [y(cos2xy) + x(sin2xy)] for all z = x + iy.

Hence, we know that all z make Cauchy-Riemann equations hold.

(h) Since z* = e*227 and ¢7 is differentiable on C, we know that, by the remark of (f),
we know that z¢ is differentiable for all z except real z < 0. So, we know that all z except
real z < 0 make Cauchy-Riemann equations hold.

( In part (h), the Cauchy-Riemann equations hold for all z if & is a nonnegative integer,



and they hold for all z # 0 if a is a negative integer.)
Solution: It is clear from definition of differentiability.
(iii) Compute the derivative /' (z) in (a), (b), (f), (g), (h), assuming it exists.
Solution: Since f'(z) = uy + ivy, if it exists. So, we know all results by (ii).

5.37 Write f = u + iv and assume that f'has a derivative at each point of an open disk D
centered at (0,0). If au? + bv? is constant on D for some real a and b, not both 0. Prove
that f'is constant on D.

Proof: Let au? + bv? be constant on D. We consider three cases as follows.
1.Asa = 0,b # 0, then we have
v2 is constant on D
which implies that
vy = 0.

If v = 0 on D, it is clear that f'is constant.

Ifv # 0 on D, thatis vy, = 0 on D. So, we still have fis contant.
2.Asa #= 0,b = 0, then it is similar. We omit it.

3. Asa # 0,b # 0, Taking partial derivatives we find

auuy + bvv, = 0 on D.
and
auuy, + bvv, = 0 on D.
By Cauchy-Riemann equations the second equation can be written as we have
—auvy + bvu, = 0 on D.
We consider (1)(vy) + (2)(ux) and (1)(ux) + (2)(vx), then we have
bv(vZ+ui) =0
and
au(vZ+u2) =0
which imply that
(au? + bv?)(vZ + u?) = 0.

If au? + bv? = ¢, constant on D, where ¢ # 0, then vZ + u2 = 0. So, f'is constant.

If au? + bv? = ¢, constant on D, where ¢ = 0, then if there exists (x,y) such that
vZ+u? # 0, then by (3) and (4), u(x,y) = v(x,y) = 0. By continuity of vZ + u?, we know
that there exists an open region S(S D) such that u = v = 0 on S. Hence, by Uniqueness
Theorem, we know that f'is constant.

Remark: In complex theory, the Uniqueness theorem is fundamental and important.
The reader can see this from the book named Complex Analysis by Joseph Bak and
Donald J. Newman.



