Limits And Continuity

Limits of sequence
4.1 Prove each of the following statements about sequences in C.
(a)z" » 0if |z| < 1; {z"} diverges if |z| > 1.
Proof: For the part: z” — 0 if |z| < 1. Given & > 0, we want to find that there exists a
positive integer N such that as n > N, we have
|z" - 0] < &.
Note that log|z| < 0 since |z| < 1, hence if we choose a positive integer N > [long] +1,
then as n > N, we have
lz" = 0] < &.
For the part: {z"} diverges if |z] > 1. Assume that {z"} converges to L, then given
& = 1, there exists a positive integer N| such that as n > N;, we have

lz" = L| < 1(= ¢)
= |z|" < 1+|L].
However, note that log|z| > 0 since |z| > 1, if we choose a positive integer
N > max([log‘zll + |L|] + 1,N1>, then we have
ZY > 1+ |L]
which contradicts (*). Hence, {z"} diverges if |z| > 1.

Remark: 1. Given any complex number z € C — {0}, lim,«|z|"" = 1.

1/n

2. Keep lim-w(n!) ™ = oo in mind.

3. In fact, {z"} is unbounded if |z| > 1. (= {z"} diverges if |z| > 1.) Since given
M > 1, and choose a positive integer N = [log‘le] + 1, then |z|" > M.
(b) If z, —» 0 and if {c,} is bounded, then {c,z,} — 0.

Proof: Since {c,} is bounded, say its bound M, i.e., |c,| < M foralln € N. In
addition, since z, — 0, given £ > 0, there exists a positive integer N such that as n > N,
we have

Iz, — 0| < e/M
which implies that as n > N, we have
lcnzn| < M)zy| < €.
That is, lim,-x cyz, = 0.
(c) z"/n! - 0 for every complex z.

Proof: Given a complex z, and thus find a positive integer N such that |z| < N/2.
Consider (let » > N).
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n!
Hence, z"/n! - 0 for every complex z.

Remark: There is another proof by using the fact Z;il a, converges which implies

. o8] n .
a, - 0. Since Zn=1 < converges by ratio test for every complex z, then we have



z"/n! - 0 for every complex z.
(d)Ifa, = Vn?>+2 —n, thena, - 0.
Proof: Since

0<a,= n2+2—n=43%forallneN,

Jn2+2 +n

and lim,. 1/n = 0, we have a, - 0 as n - oo by Sandwich Theorem.

4.2 I apr = (ape1 + an)/2 forall n > 1, show that a, - (a1 + 2a»)/3. Hint:
Api2 —Apyl = %(an - an+1)-

Proof: Since a,.; = (a1 +an)/2 foralln > 1, we have b,,; = —b,/2, where
b, = a,.1 —an. So, we have

by = (_Tl)nbl - 0asn - .

Consider

n+l n
Ao —ay = by = _71 D by = (%)(anﬂ —ai)
k=2 k=1
which implies that

3an+1 ) _ay +2612
bn + (—2 =5

So we have
an — (a; + 2a,)/3 by (*).

431f0 <x; <landifx,, =1-,1—-x, forallm > 1, prove that {x,} is a

decreasing sequence with limit 0. Prove also that x,,,/x, — %

Proof: Claim that 0 < x, < 1 for all n € N. We prove the claim by Mathematical
Induction. As n = 1, there is nothing to prove. Suppose that » = k holds, 1.e., 0 < x; < 1,
thenasn = k+ 1, we have

0 < xp1 = 1—- 1 —x; < 1by induction hypothesis.

So, by Mathematical Induction, we have proved the claim. Use the claim, and then we
have

Xpr1 —Xn = (1 =xp) — J1—x, = x"();"_l) < 0since 0 < x, < 1.
(1=x)"+(1 —x,)
So, we know that the sequence {x,} is a decreasing sequence. Since 0 < x, < 1 for all
n € N, by Completeness of R, (That is, a monotonic sequence in R which is bounded is
a convergent sequence.) Hence, we have proved that {x,} is a convergent sequence,
denoted its limit by x. Note that since

Xp1 = 1= 1 —x, foralln € N,
we have x = limy-eo X,y = limpsee 1 — J1 —x, = 1 — 41 —x which implies x(x — 1) = 0.
Since {x,} is a decreasing sequence with 0 < x, < 1 for all » € N, we finally have x = 0.
For proof of x,.,1/x, - +. Since

o 1-J1-x ]
e

then we have



xn+1:1_\/1_x” _)1

Xn Xn b

Remark: In (*), it is the derivative of 1 — /1 —x at the point x = 0. Of course, we can
prove (*) by L-Hospital Rule.

4.4 Two sequences of positive integers {a, } and {b,} are defined recursively by taking
a; = b; = 1 and equating rational and irrational parts in the equation

an + bnﬁ = (an,l + b,,,“/f)z forn > 2.
Prove that a2 — 2b2 = 1 for all n > 2. Deduce that a,/b, - 2 through values > /2, and
that 2b,/a, — /2 through values < 2.
Proof: Note a, + b2 = (a,,_l + b,,_h/f)Z for n > 2, we have
an = a2, +2b2_, forn > 2,and
bn = 2an_1b,,_1 for n > 2
since if 4,B,C, and D € Nwith4+BJ2 = C+ D2, then4d = C, and B = D.
Claim that a2 — 2b2 = 1 for all n > 2. We prove the claim by Mathematical
Induction. As n = 2, we have by (*)
a3 —2b2 = (a? +2b2)* —2(2a;b1)* = (1 +2)* = 2(2)* = 1. Suppose that as n = k(> 2)
holds, i.e., a? — 2b% = 1, thenas n = k + 1, we have by (*)
afy = 2b} = (a} +2b7)" — 2Qaxby)’
= a} + 4b} — 4aib?
2
= (aj —2b7)
= 1 by induction hypothesis.
Hence, by Mathematical Induction, we have proved the claim. Note that aZ — 2b3 = 1 for

all n > 2, we have
a\2 1)
() - (5) =22

(an)zzz—L<2.

an a2

Hence, limy- §*- = J2 by lim,e bl—n = 0 from (*) through values > /2, and
limymee 222 = /2 by lim,-e &= = 0 from (*) through values < /2.

Remark: From (*), we know that {a,} and {b, } is increasing since {a,} < N and
{b,} < N. Thatis, we have lim,..a, = o, and lim,-. b, = .

and

4.5 A real sequence {x,} satisfies 7x,;; = x5 + 6 forn > 1. If x| = %, prove that the
sequence increases and find its limit. What happens if x; = 3 orifx; = -2

Proof: Claim that if x; = %, then 0 < x, < 1 for all » € N. We prove the claim by
Mathematical Induction. Asn =1, 0 < x; = % < 1. Suppose that n = k holds, 1.e.,
0 <x, <1, thenasn = k+ 1, we have

3
t6 _ 146
77

Hence, we have prove the claim by Mathematical Induction. Since
xX3=Tx+6 =(x+3)(x—1)(x—-2), then

0 < xpy1 = = 1 by induction hypothesis.



X3 +6
T -
X3 —Tx, +6

= S

> 0since 0 < x, < 1foralln € N.

Xp+l —Xn = Xn

It means that the sequence {x,} (strictly) increasing. Since {x, } is bounded, by
completeness of R, we know that he sequence {x,} is convergent, denote its limit by x.
Since
3
X = }lilg-xn+l = }lllg xn;-6 = x3;—65

we find that x = -3, 1, or 2. Since 0 < x, < 1 forall » € N, we finally have x = 1.

Claim that if x; = %, then 1 < x, < 2 for all » € N. We prove the claim by
Mathematical Induction. As n = 1, there is nothing to prove. Suppose n = k holds, i.e.,
l <x; <2, thenasn = k+ 1, we have

X3 +6 3
< Xpyp = "7 < 27+6 =2.

Hence, we have prove the claim by Mathematical Induction. Since
x}=Tx+6=(x+3)x—-1)(x-2), then

_ 146
b= 7

X3 +6
Xnyl —Xn = 7 — Xn
_ X3 —=Txa+6

7

<0Osincel <x, <2foralln € N.

It means that the sequence {x,} (strictly) decreasing. Since {x,} is bounded, by
completeness of R, we know that he sequence {x, } is convergent, denote its limit by x.
Since

3

. . X+ 6 3

x = limx,;; = lim =2 :x+6’
n—o0 n—o0

7 7
we find that x = -3, 1, or 2. Since 1 < x, < 2 forall n € N, we finally have x = 1.
Claim that if x; = 3, thenx, > 3 forall n € N. We prove the claim by

Mathematical Induction. As n = 1, there is nothing to prove. Suppose n = k holds, i.e.,

xp > =, thenasn = k+ 1,

3
3146 (3) +6
Xy = T > S— = >3 3

Hence, we have proved the claim by Mathematical Induction. If {x,} was convergent,

say its limit x. Then the possibilities for x = -3, 1, or 2. However, x, > % foralln € N.

So, {x,} diverges if x| = 5.

Remark: Note that in the case x; = 5/2, we can show that {x,} is increasing by the
same method. So, it implies that {x, } is unbounded.

4.6 If |a,| < 2 and |au2 — apet| < §laz,; —a3| forall n > 1, prove that {a,}
converges.

Proof: Let a,,; — an = by, then we have |b,.1| < +[bal|@nes + an| < 5 |ba|, since
la,| < 2 foralln > 1. So, we have |b,;1| < (%)n|b1|. Consider (Let m > n)



am — an| = |(am - am—l) + (am—l - am—2) +.. -+(an+l - an)|
< |bmet| +...Hbu|

< |b1|[(%)m_2 +...+(%)HJ,

: : k :
then {a,} is a Cauchy sequence since Z(%) converges. Hence, we know that {a, } is a
convergent sequence.

Remark: In this exercise, we use the very important theorem, every Cauchy sequence
in the Euclidean space R is convergent.

4.7 In a metric space (S,d), assume that x, - x and y, - y. Prove that
d(xnayn) - d(xay)

Proof: Since x, - x and y, — y, given ¢ > 0, there exists a positive integer N such
that as n > N, we have

d(xn,x) < €/2 and d(yn,y) < &/2.
Hence, as n > N, we have
[d(xn,yn) = dx,y)| < |d(xn,x) +d(Vn,p)|
d(xn,x) +dyn,y) < €2 +¢/2
=¢&.
So, it means that d(x,,y,) — d(x,y).

4.8 Prove that in a compact meric space (S,d), every sequence in S has a subsequence
which converges in S. This property also implies that S is compact but you are not required
to prove this. (For a proof see either Reference 4.2 or 4.3.)

Proof: Given a sequence {x,} < S, and let 7 = {x;,x2,... . If the range of 7 is finite,
there is nothing to prove. So, we assume that the range of 7 is infinite. Since S is compact,
and 7 < S, we have T has a accumulation point x in S. So, there exists a point y, in T such
that B(y,x) < <. It implies that y, — x. Hence, we have proved that every sequence in S

has a subsequence which converges in S.

Remark: If every sequence in S has a subsequence which converges in S, then S is
compact. We give a proof as follows.

Proof: In order to show S is compact, it suffices to show that every infinite subset of §
has an accumulation point in S. Given any infinite subset 7" of S, and thus we choose
{x»} < T (of course in S). By hypothesis, {x,} has a subsequence {x,, > which converges
in S, say its limit x. From definition of limit of a sequence, we know that x is an
accumulation of 7. So, S is compact.

4.9 Let 4 be a subset of a metric space S. If 4 is complete, prove that 4 is closed. Prove
that the converse also holds if S is complete.

Proof: Let x be an accumulation point of 4, then there exists a sequence {x, } such that
x» — x. Since {x,} is convergent, we know that {x, } is a Cauchy sequence. And 4 is
complete, we have {x,} converges to a point y € 4. By uniqueness, we know x = y € A4.
So, 4 contains its all accumulation points. That is, 4 is closed.

Suppose that S is complete and 4 is closed in S. Given any Cauchy sequence
{x»} < A, we want to show {x, } is converges to a point in 4. Trivially, {x,} is also a
Cauchy sequence in S. Since S is complete, we know that {x,} is convergent to a point x in
S. By definition of limit of a sequence, it is easy to know that x is an adherent point of 4.
So, x € A since 4 is closed. That is, every Cauchy sequence in A4 is convergent. So, 4 is



complete.
Supplement
1. Show that the sequence

@)

A Gy on - Y

Proof: Let a and b be positive integers satisfying @ > b > 1. Then we have
alb < alb! < (a+b)! < (ab)!.
So, if we let f{n) = (2n)!, then we have, by (*)

Cm)!t f(n)! <_1 9
Cn+ D (fn)Rn+1))! ~ 2n+1 '
Hence, we know that lim..c 2 = 0

@n+t

2. Show that
an=(1+L1)(1+2 ---1+m - el2asn > o,
() () g

where [x] means Gauss Symbol.

Proof: Since

X - %xz <log(l +x) <ux, forallx € (-1,1)

we have
k=[Jn] i L7 N2 k=[Jn] i k=[Jn] i
Z 7—5(7> Slogan = Z 10g(1+7) < Z 7
k=1 k=1 k=1
Consider i2 < n < (i + 1)?, then by Sandwish Theorem, we know that
lim loga, = 1/2
which implies that a, - e'? as n - .
3. Show that (n!)""" > Jn foralln € N. (= (n)"" > wasn - «.)

Proof: We prove it by a special method following Gauss’ method. Consider
n! = ]_ ooooooooo k ooooooooo n

and thus let f{k) = k(n — k+ 1), it is easy to show that f{k) > f(1) = n for all
k=1,2,...,n. So, we have prove that

(n!)2 > n"
which implies that
)" > Jn.
Remark: There are many and many method to show (n!)™" — coasn - «. We do not

give a detail proofs about it. But We method it as follows as references.
(a) By A.P.> G.P., we have

1/n

o1
n ~ \n!



22:1 @
n

and use the fact if {a, } converges to a, then so is {—}

1/n

(b) Use the fact, by Mathematical Induction, (n!) ™ > n/3 for all n.

(c) Use the fact, 4%/n! - 0 as n - o for any real 4.
(d) Consider p(n) = (2-)"", and thus taking logp(n).

(e) Use the famuos formula, a, are positive for all n.

Antl
dap

lim inf 2L < lim inf(a,)"" < lim sup(a,)"" < lim sup
and let a, = (2-).
(f) The radius of the power series Zzio ’,i—f 1S 0.
(g) Ue the fact, (1 +1/n)" < e < (1 + 1/n)""", then e(n"e™) < n! < e(n"'e™).
(h) More.
Limits of functions
Note. In Exercise 4.10 through 4.28, all functions are real valued.

4.10 Let f'be defined on an opne interval (a,b) and assume x € (a,b). Consider the
two statements

() limyo[f(x + h) — f(x)| = 0;
(b) limyolfCx + 1) — flx — h)| = 0.

Prove that (a) always implies (b), and give an example in which (b) holds but (a) does
not.

Proof: (a) Since
lhig)l[f(x+h) -fx)] =0« lhig)ljf(x—h) —fx)| =0,
we consider
fx+h)—fx—h)
= |(flx + h) = fTx)) + (fx) = flx = 1))
< |fix+h)—fx)|+|f(x) -fix—h)| > 0ash - 0.

So, we have

lhir{)ljf(x+h) —fix—h)| = 0.

(b) Let
x| ifx # 0,
x =
Sx) { 1ifx =0.

Then

lhirgljf(0+h) -fl0-h)| =0,
but

lhin(r)llf(O +h)-f0)] = lhiIIOI||h| -1 =1
So, (b) holds but (a) does not.

Remark: In case (b), there is another example,



. Ul if x # 0,
x:
& 0ifx = 0.

The difference of two examples is that the limit of [g(0 + /#) — g(0)| does not exist as &
tends to 0.

4.11 Let f'be defined on R?. If

lim flx,y) =L
(x,y)*(a,b)ﬂ y)

and if the one-dimensional lim,-,f{(x,y) and lim,.; f(x,)) both exist, prove that
lim|:1imf(x,y):| ~ tim[ limAx,) ] = L.
xX=a| ysh y-bL x=a
Proof: Since lim, )., 5 fx,y) = L, then given & > 0, there exists a 6 > 0 such that as
0 < |(x,y) —(a,b)| < 6, we have
fle,y) —L| < €/2,
which implies
lim|f(x,y) — L| =
y=b

which implies

1@ﬂmw—L‘sgzﬁ0<mwo—m¢N<5
y%

lim

xX—=a

< &2if0 < |(x,») - (a,b)] < &.

limf(x,y) — L
y=b
Hence, we have proved lim,q|lim,_;(x,y) — L| < &/2 < &. Since ¢ is arbitrary, we have

1mg@J)—L‘:o
y-b

g
which implies that
= 0.

lim lian flx,y) — L

X>d yo,
So, lim,,[lim,;f(x,y)] = L. The proof of lim,_,[lim..,f(x,y)] = L is similar.

Remark: 1. The exercise is much important since in mathematics, we would encounter
many and many similar questions about the interchange of the order of limits. So, we
should keep the exercise in mind.

2. In the proof, we use the concept: [lim,..f{x)| = 0 if, and only if lim,.,f{x) = 0.

3. The hypothesis f{x,y) - L as (x,y) - (a,b) tells us that every approach form these
points (x,y) to the point (a, b), f(x,y) approaches to L. Use this concept, and consider the
special approach from points (x,y) to (x,b) and thus from (x,5) to (a,b). Note that since
lim,, f(x,y) exists, it means that we can regrad this special approach as one of approaches
from these points (x,)) to the point (a,b). So, it is natural to have the statement.

4. The converse of statement is not necessarily true. For example,
x+yifx=0o0ry=0
fx,y) = )
1 otherwise.

Trivially, we have the limit of f{x,)) does not exist as (x,y) — (0,0). However,



) 0ifx =0, ) 0ify =0,
limf(x,y) = and limf{(x,y) =
«V"Of( ») { lifx = 0. x*of( ») { lLify = 0.

lig| limft.) | = lip[ lim At ] =

In each of the preceding examples, determine whether the following limits exist and
evaluate those limits that do exist:

11m|:11mf(x y):| tig[ lim /i) | tim flw,).

x~0 (x)~(0,0)
Now consider the functions f'defined on R? as follows:
(a) flx,y) =
Proof: 1. Since(x + 0)

. —y L = -1 lfy * 0
limf(x,y) = 11m2— = Y
x0 =0 x? 4y lify =0,
we have
lyl_{%l[llmﬂx y):|
2. Since (y # 0)
2 _ 4,2 2 = 1ifx # 0,
limflx,y) = lim 55— = { x* o
=0 =0 x2 + y? lifx=20
we have
lig| lim/Cx.y) | =

3.((x,y) # (0,0)) Letx = rcosf and y = rsin6, where 0 < 6 < 27, and note that
(x,y) » (0,0) & r - 0. Then
_y
(xy)»(omﬂ V) = (xy)»(OO) x2 +y?
. r2(cos20 — sin’6)
= lim 5
r-0 v

= cos26 — sin’0.
So, if we choose 8 = 7 and 6 = 7/2, we find the limit of f{x,y) does not exist as
(x,y) = (0,0).
Remark: 1. This case shows that
! = tip| tipfx) | + tigltip/e) ] = -
2. Obviously, the limit of f{xx,y) does not exist as (x,y) - (0,0). Since if it was, then
by (*), (**), and the preceding theorem, we know that

g ti) | = gty

which is absurb.



(b) fry) = =2 if (v,y) # (0,0), (0,0) = 0.

Proof: 1. Since (x # 0)

()"
hmf(x y) = lim = 0 for all y,
S0 () + (=)’
we have
lylzlol[hmf(x y):|
2. Since (y # 0)
2
11mf(x y) = () = 0 for all x,

o @)* + (- )
we have
%g}}[glfglﬂxa)d :| =
3. ((x,y) # (0,0)) Let x = rcosf and y = rsin, where 0 < § < 2z, and note that
(x,y) » (0,0) & r - 0. Then

2
fey) = ()
b 2 2
()" + (x—y)
- r4 cos26sin’0
4 cos20sin’0 + 2 — 2r2 cosHsinf
cos26sin’0
c0s20sin2@ + 1=2cosOsind °

72
- 0ifr-20
X,
f y){ 1 if0 =nrn/d4or0 = 5r/4.

Hence, we know that the limit of f{x,)) does not exists as (x,y) — (0,0).

(c) flx,y) = +sin(xy) if x # 0, f0,y) =
Proof: 1. Since (x # 0)

So,

. o1 _
limflx,y) = lim + sin(xy) =
we have

11m|:11mf(x y) :|

»=0

2. Since (y # 0)

‘ lim, <+ sin(xy) = 0 ifx = 0,
limfCx,y) = . .
y0 lim,,oy = 0ifx = 0,

we have
lim| lim/Cx.y) | =

3.((x,y) # (0,0)) Letx = rcosf and y = rsin6, where 0 < 6 < 27, and note that
(x,y) » (0,0) & r - 0. Then



rcos6

rsinf ifx = rcosf = 0.

0ifr - 0,
0ifr - 0.

So, we know that lim, ,,y(0,0) f(x,y) = 0.

L__sin(72cos@sinf) if x = rcosh + 0,
fx,y) =

Remark: In (*) and (**), we use the famuos limit, that is,

lim SIDX —
0 X )
There are some similar limits, we write them without proofs.

(a) limw tsin(1/¢) = 1.
(b) lim,oxsin(1/x) = 0.
(©) limyo S0 = <, if b # 0.

@A) - { (x + ) sin(1/x) sin(1/y) if x # O and y % 0,
0 ifx=0ory=0.
Proof: 1. Since (x # 0)
3 (x + y)sin(1/x) sin(1/y) = xsin(1/x) sin(1/y) + ysin(1/x) sin(1/y) ify = 0
fler) = 0ify =0

we have if y # 0, the limit f{x,)) does not exist as x - 0, and if y = 0, lim,of(x,y) = 0.
Hence, we have (x + 0, y # 0)

lylg)l[l)clz{)l fx, y)} does not exist.
2. Since (y # 0)

(x +y)sin(1/x) sin(1/y) = xsin(1/x) sin(1/y) + ysin(1/x) sin(1/y) ifx = 0
MM =9 giex = 0

we have if x # 0, the limit f{x,») does not exist as y — 0, and if x = 0, lim,_of(x,y) = 0.
Hence, we have (x + 0, y # 0)

1i1101|:1i1’{)1 fx, y):| does not exist.
x> y
3. ((x,y) # (0,0)) Consider

M) < x+ylifx #0andy # O,
x,y)| <
4 Oifx=0o0ry =0.

we have
lim X, = 0.
(x,y)»(o,O)ﬂ ¥)
sinx—siny -
(e)f(x y) = tanx—tany if tanx + tany,

cos3x  iftanx = tany.

Proof: Since we consider the three approaches whose tend to (0,0), we may assume
that x,y € (—n/2,7/2). and note that in this assumption, x = y < tanx = tany. Consider
1. (x = 0)



sinx—siny

lim,,o =——— = cosy ifx # y.
llmf(x,y) _ 0 tanx—tany y y
=0 1 ifx = y.
So,
| tim/) | = 1.
2.0 #0)
lim, o SRS cosx if x # 3.
hmf(x,y) _ -0 tanx—tany y
=0 cos3x ifx = y.
So,

lim|:limf(x,y):| 1.
x-0 [ y-0

3.Letx = rcosf and y = rsin6), where 0 < 6 < 27, and note that
(x,y) » (0,0) & r - 0. Then

lil’nrﬁ() sin(rcos0)—sin(rsinf)

lim ﬂx,y) — tan(rcos 6)—tan(rsin )
(=00 lim, o cos?(rcos@) if cosf = siné.

if cos@ =+ sinf.

3 1 if cos@ # sinf, by L-Hospital Rule.
1 if cos@ = sin6.
So, we know that lim, (0,0, f(x,y) = 1.

Remark: 1. There is another proof about (e)-(3). Consider
sinx — siny = ZCos(x ry ) sin(x —J )

2 2
and
_ sin sin
tanx —tany = 5% — ﬁ,
then
sinx —siny _ ©€08(5=)cosxcosy
tanx —tany cos(%)
So,
. COS(H—J) COSxCOSsy .
lim  fxy) = limy.)(0,0) W =1lifx #y,
00y Y

lim(x,y)—»(0,0) Cos3x = 1 lfx = y'
That is, lim, ;)(0,0)f(x,y) = 1.

2. In the process of proof, we use the concept that we write it as follows. Since its proof

is easy, we omit it. If
Lifx =
lim f(x,y){ Y

(xp)-(ab) Lifx #y

or



lim f{x,y) =

Lifx+0andy + 0,
(xy)~(a,b)

Lifx=0ory=0.

then we have

lim flx,y) = L.
(x,y)—*(a,b)f( y)

4.121fx e [0, 1] prove that the following limit exists,
fim[ im cos™ (i) |
and that its value is 0 or 1, according to whether x is irrational or rational.
Proof: If x is rational, say x = ¢/p, where g.c.d.(¢q,p) = 1, then p!x € N. So,
lim cos?'(m!nx) = { Lifm = p,
e 0ifm < p.
Hence,
lim| lim cos>(m!zx) | = 1.
If x is irrational, then m!x ¢ N for all m € N. So, cos?(m!nx) < 1 for all irrational x.
Hence,

lim cos*"(m!nx) = 0 = lim[lim cosZ”(m!nx)] = 0.
Nn—>00 m—oo L n—>o0

Continuity of real-valued functions

4.13 Let f'be continuous on [a,b] and let f{x) = 0 when x is rational. Prove that
fix) = 0 forevery x € [a,b].

Proof: Given any irrational number x in [a, b], and thus choose a sequence {x,} < QO
such that x, - x as n - o. Note that f{x,) = 0 for all n. Hence,

0 = 1im0
= lim/G)
= f(}qugxn> by continuity of fat x
= fx).
Since x is arbitrary, we have shown f{x) = O for all x € [a,b]. That is, fis constant 0.

Remark: Here is another good exercise, we write it as a reference. Let f be continuous
on R, and if f{x) = f{x?), then fis constant.

Proof: Since f(—x) = f((—x)2> = f(x?) = f{x), we know that fis an even function. So,
in order to show f'is constant on R, it suffices to show that f'is constant on [0,). Given
any x € (0,), since f(x?) = f(x) for all x € R, we have f(x'?") = f(x) for all n. Hence,

fw) = lim/tx)
= lim/(x!2")
= f(}lilg‘gxl/zn> by continuity of fat 1
= f(1) since x * 0.

So, we have f(x) = f{1) = c forall x € (0,%0). In addition, given a sequence
{x»} < (0,0) such that x, — 0, then we have



¢ = lime

= limfGxn)
= f(}ggx,,) by continuity of fat 0
= f(0)

From the preceding, we have proved that f'is constant.

4.14 Let f'be continuous at the point a = (ay,a,,...,a,) € R". Keep az,as,...,a, fixed
and define a new function g of one real variable by the equation

gx) = flx,as,...,an).
Prove that g is continuous at the point x = a,. (This is sometimes stated as follows: A
continuous function of n variables is continuous in each variable separately.)

Proof: Given &€ > 0, there exists a o > 0 such thatas y € B(a;6) N D, where D is a
domain of f; we have

) -fa)| < e.
So, as |x — a;| < &, which implies |(x,a2,...,a,) — (a1,a2,...,a,)| <, we have
lg(x) —g(a1)| = [fix,az,...,ax) —flai,az,...,a,)| < €.
Hence, we have proved g is continuous at x = a

Remark: Here is an important example like the exercise, we write it as follows. Let
i R" - R", and w; : (x1,X2,...,%X,) = (0,.,x,..,0). Then 7; is continuous on R" for
1 <j < n. Note that r; is called a projection. Note that a projection P is sometimes
defined as P? = P.

Proof: Given any point a € R" ,and given € > 0, and choose 0 = &, then as
x € B(a;6), we have

|mj(x) —mi(a)| = |x;—aj] < |[x—al| <6 =¢eforeachl <j<n
Hence, we prove that 7;(x) is continuous on R” for 1 <j < n.

4.15 Show by an example that the converse of statement in Exercise 4.14 is not true in
general.

Proof: Let

x+yifx=0o0ry=0
fx,y) = :
1 otherwise.
Define g;(x) = f{x,0) and g2(y) = f(0,y), then we have
limg, (x) = 0 = g1(0)
and
limg>(y) = 0 = £2(0).

So, g1(x) and g,(y) are continuous at 0. However, f'is not continuous at (0,0) since
li%lﬂx,x) =1+ 0= £0,0).

Remark: 1. For continuity, if /is continuous at x = a, then it is NOT necessary for us
to have

lim/0x) = fla)



this is because a can be an isolated point. However, if a is an accumulation point, we then
have

Jf1s continuous at a if, and only if, limf(x) = f(a).

4.16 Let £, g, and / be defined on [0, 1] as follows:
fix) = g(x) = h(x) = 0, whenever x is irrational;
flix) = 1 and g(x) = x, whenever x is rational;
h(x) = 1/n, if x is the rational number m/n (in lowest terms);
h(0) = 1.

Prove that f'is not continuous anywhere in [0, 1], that g is continuous only at x = 0, and
that /4 is continuous only at the irrational points in [0, 1].

Proof: 1. Write
o - { ifx & R-0)N[0,1)
lifx e QN[0,1].

Givenanyx € (R—Q)N|[0,1], andy € QN [0,1], and thus choose {x,} < O N[0,1]
such that x, — x, and {y,} < (R— Q) N[0,1] such that y, — y. If fis continuous at x,

then
1 = limfCx,)
= f(}qugxn> by continuity of fat x
= fx)
=0
which is absurb. And if fis continuous at y, then
0 = limf(y.)
= f(}qgrg yn> by continuity of fat y

=)
=1
which is absurb. Hence, f'is not continuous on [0, 1].
2. Write

xifx e ONJ[0,1].

Givenany x € (R— Q) N[0,1], and choose {x,} < QN [0, 1] such that x, - x. Then
X

0ifx e (R—0)NJ0,1],
g(x) = {

= limx,

= limg(xn)

= limg(limx, ) by continuity of g at x
= g(x)

-0

which is absurb since x is irrational. So, f'is not continous on (R — Q) N [0, 1].
Given any x € QN [0,1], and choose {x,} < (R— Q) N[0,1] such thatx, - x. If g is



continuous at x, then
0

= limg(xn)
= g(LLrgxn> by continuity of fat x
= g(x)
= X.
So, the function g may be continuous at 0. In fact, g is continuous at 0 which prove as
follows. Given ¢ > 0, choose 0 = &, as |x| < J, we have
lg(x) —g(0)] = |g(x)| < |x| < &(= 6). So, g is continuous at 0. Hence, from the preceding,
we know that g is continuous only at x = 0.
3. Write
lifx =0,
h(x) = < 0ifx e (R-0)N[0,1],
I/nifx = m/n, g.c.d.(m,n) = 1.

Consider @ € (0,1) and given € > 0, there exists the largest positive integer N such that
N <1/e. LetT = {x : h(x) > ¢}, then

7o {0,13 ULx t h(x) = 13 ULx : A(x) = 172}...U{x : h(x) = I/N} ife < 1,
) pifes L.

Note that 7' 1s at most a finite set, and then we can choose a 6 > 0 such that
(a—0,a+ 6) — {a}contains no points of 7 and (a« — 5,a + ) < (0,1). So, if
x € (a-0,a+96)—{a}, we have h(x) < ¢. It menas that
limh(x) = 0.
Hence, we know that /4 is continuous atx € (0,1) N (R — Q). For two points x = 1, and
y = 0, it is clear that 4 is not continuous at x = 1, and not continuous at y = 1 by the

method mentioned in the exercise of part 1 and part 2. Hence, we have proved that 4 is
continuous only at the irrational points in [0, 1].

Remark: 1. Sometimes we call f Dirichlet function.
2. Here is another proof about g, we write it down to make the reader get more.
Proof: Write

w - 4 Vifxe ®R-0n[0.1],
EY 7N xifxe on(o.].

Given a € (0,1], and if g is continuous at @, then given 0 < ¢ < q, there existsa d > 0
such thatasx € (¢ —d,a+9) < [0,1], we have

g(x) —g(a)| < &.
Ifa e R—Q, choose 0 < 6' <dsothata+o6' € Q. Thena+6' € (a—J,a+ ) which
implies |g(a +6') —g(a)| = |gla+d")| = a+ ' < & < a. Butit is impossible.
Ifa € Q, choose 0 < 6' <dsothata+do' € R—Q. a+0' € (a—8,a+ ) which
implies |g(a + 6') — g(a)| = |-a|] = a < & < a. But it is impossible.
Ifa = 0, given € > 0 and choose 6 = ¢, thenas 0 < x < §, we have
lg(x) —g(0)] = |g(x)| < |x| = x < &(= 9). It means that g is continuous at 0.

4.17 For each x € [0,1], let f{x) = x if x is rational, and let f{x) = 1 —x if x is



irrational. Prove that:
(a) f{fix)) = x forall x in [0, 1].

Proof: If x is rational, then f{f(x)) = f({x) = x. And if x is irrarional, so is
1 —x(e [0,1]). Then f{f(x)) = f{ll —x) = 1 - (1 —x) = x. Hence, f{f(x)) = x for all x in
[0, 1]

(b) fix) + f{1 —x) = 1 forall x in [0, 1].

Proof: If x is rational, sois 1 —x € [0,1]. Then f{x) +f({1 —x) =x+ (1 —x) = 1. And
if x is irrarional, so is 1 —x(€ [0,1]). Then flx) + f{l —x) = (1 —=x)+1—-(1 —x) = 1.
Hence, f{x) + f{1 —x) = 1 for all x in [0, 1].

(c) f1is continuous only at the point x = %

Proof: If fis continuous at x, then choose {x,} < Q and {y,} < Q¢ such that x, — x,
and y, — x. Then we have, by continuity of fat x,

Sy = flimen ) = lim /) = liman = x
and
f) = fQimyn) = limfvn) = liml=yn = 1-x
So, x = 1/2 1s the only possibility for /. Given &€ > 0, we want to find a 6 > 0 such that as
xe€ (12-0,12+06) < [0,1], we have

flx) —f(172)] = |fix) — 12| < e.
Choose (0 <)0 < g¢sothat (1/2—-6,1/2+6) < [0,1], then as
xe€ (12-0,12+06) < [0,1], we have

fx) =12 =x-12| <o <¢gifx € Q,
) =12 = (1 =x)=12| = [112-x| < § < gifx € Q°.
Hence, we have proved that f'is continuous at x = 1/2.

(d) fassumes every value between 0 and 1.

Proof: Given a € [0,1], we want to find x € [0, 1] such that f{x) = a. If a € Q, then
choose x = a, we have f(x = a) = a. Ifa € R— Q, then choosex = 1 —a(e R—-Q), we
have fx =1-a)=1-(1-a) = a.

Remark: The range of fon [0, 1] is [0, 1]. In addition, f'is an one-to-one mapping
since if f{x) = f(y), then x = y. (The proof is easy, just by definition of 1-1, so we omit it.)

(e) flx +y) — flx) — f(y) is rational for all x and y in [0, 1].

Proof: We prove it by four steps.

l.Ifxe Qandy € Q, thenx +y € Q. So,

fx+y) =flx) =fy) =x+y-x-y=0¢e 0.

2.Ifx e Qandy € Q¢, thenx +y € Q¢. So,

Sax+y)=f) =fy) =1 -(x+p)]-x-(1-y) =-2x € 0.
3.Ifx e Q¢andy € Q, thenx +y € Q¢. So,

Sx+y)=f)—fy) =[1-Gx+y]-10-x)-y=-2y €0
4.1fx e Q°andy € Q°, thenx+y € Q°orx+y € Q. So,



[1-G+»]-0-x)-(1-y)=-1€Qifx+ye 0,

Sx+y) = flx) = fv) = { x+y)-(1-x)-(1-y)=-=2€Qifx+ye Q.

Remark: Here is an interesting question about functions. Let f : R —{0,1} - R. Iff

satisfies that
Slx) + f( —1 ) =1+x,

Proof: Let ¢(x) = %1, then we have ¢2(x) = —I-, and ¢3(x) = x. So,
S0+ /(EFL) = A0 +/9(x)) = 1 +x

_ x3-x2-1
then f(x) = D)

which implies that
S9x)) +fg*(x)) = 1+ ¢(x)
and
S@*(x) +f1$°(x)) = f1g*(x)) +flx) = 1+ ¢*(x).

So, by (*), (**), and (***), we ﬁnally have

fx) = [ +x = ¢(x) + ¢*(x)]

_x—xr-1
2x(x—1) °

4.18 Let fbe defined on R and assume that there exists at least one x in R at which f
is continuous. Suppose also that, for every x and y in R, f'satisfies the equation

S +y) = fx) +fy).

Prove that there exists a constant a such that f{x) = ax for all x.

Proof: Let f be defined on R and assume that there exists at least one x in R at which f
is continuous. Suppose also that, for every x and y in R, f'satisfies the equation

fx+y) = fx) +y).

Prove that there exists a constant a such that f{x) = ax for all x.

Proof: Suppose that f'is continuous at xy, and given any » € R. Since
fix+y) = fix) + f{y) for all x, then

fx) = fly —x0) + f(r), where y = x — r + x,.
Note that y - xo < x — r, then
limf(x) = limAy — xo) +f(r)
= limf(y —xo) +f(r)

Y=xo
= f{(r) since f'is continuous at x.

So, f'is continuous at . Since r is arbitrary, we have f'is continuous on R. Define f{1) = a,
and then since f{x + y) = f{x) + f{v), we have

A =f(% +..+%)m_ﬁmes
- k)
- () - 8

kk

Hskok



In addition, since f{—1) = —f{(1) by f{0) = 0, we have
f(_l) - K% - ﬁi_ﬁ)m—times
_ —1
= ()

1 f(l) b
:>]<_> JN_J *
[hus we have

S = fm +.. . +1Um), o = nf(1/m) = &A1) by (*) and (**) *x
So, given any x € R, and thus choose a sequence {x,} < Q withx, — x. Then
Sy = f(lim)
= limf{x,) by continuity of fon R
= limx,f(1) by (**)

n—oo

= xf(1)

= dax.

Remark: There is a similar statement. Suppose that f{x + y) = f{x)f(y) for all real x
and y.

(1) If f1is differentiable and non-zero, prove that f{x) = e<*, where c is a constant.

Proof: Note that f{0) = 1 since f{x +y) = f{x)f(y) and f'is non-zero. Since f'is
differentiable, we define f'(0) = ¢. Consider

ﬂx+ h})l _ﬂx) Zﬂx)fw —>f(x)f(0) — Cf(X) as h - 0,

we have for every x € R, f'(x) = ¢f(x). Hence,
flx) = Ade~.
Since f{0) = 1, we have 4 = 1. Hence, f(x) = e, where c is a constant.
Note: (i) If for every x € R, f'(x) = cf(x), then f{x) = Ae.
Proof: Since /'(x) = cf(x) for every x, we have for every x,
[ () = cftx)]e = 0 = [eAx)] = 0.

We note that by Elementary Calculus, e=*f{(x) is a constant function 4. So, f{x) = 4de*
for all real x.

(i1) Suppose that f(x +y) = f(x)f(y) for all real x and y. If f{x¢) > 0 for some x,, then
flx) > 0 for all x.

Proof: Suppose NOT, then f{a) = 0 for some a. However,

0 < flxg) = flxo—a+a) = flxo—a)fla) = 0.
Hence, f{x) > 0 for all x.

(ii1) Suppose that f{x + y) = fix)A(y) for all real x and y. If fis differentiable at x, for
some xo, then fis differentiable for all x. And thus, f{x) € C*(R).

Proof: Since



fx+h)—fx)  fixo+h+x—x0)—flxo+x—x0)
h B h

Zﬂx—xo)ﬂxo +h})l —ftxo) - flx —x0)f (x0) as h - 0,

we have f'(x) is differentiable and /' (x) = f{x — x¢)f'(xo) for all x. And thus we have
flx) € C*(R).
(iv) Here is another proof by (iii) and Taylor Theorem with Remainder term R, (x).

Proof: Since fis differentiable, by (iii), we have /™ (x) = (¥ (0))"f(x) for all x.
Consider x € [-r,7], then by Taylor Theorem with Remainder term R,(x),

Ax) = Zf( (0) x* + R,(x), where R,(x) = {(n?(f)? xl, & e (0,x) or € (x,0),

Then

n+l)
Row)] = | £

(O)"AE)
(n+1)!

_ | gon™t
| (m+ 1)

M, where M = max [f(x)]

XE rr

- Qasn — oo.

Hence, we have for every x € [, 7]

= e, where ¢ := f'(0).
Since r is arbitrary, we have proved that f{x) = e for all x.
(2) If fis continuous and non-zero, prove that f{x) = e*, where c is a constant.
Proof: Since f(x + y) = f(x)f(y), we have
_ 1 1 _ 1 n 1 o 1/n
0 < A1) =f(3 +t3)  =f(3) =/(5) =AD *
and (note that {-1) = (1) by A0) = 1,)
_ A =1 -1 —_ =1 1Y _ ~1/n )
0 <f(—1) —f(T +.”+T>n—times _v/(T> 31(?) —f(l) *
1) =1k voh) S =0T ey

So, given any x € R, and thus choose a sequence {x,} < Q with x, - x. Then



Sy = f(lim)
= limf{x,) by continuity of /
= limA1)"™ by (**)
= )"
= e, where logf(1) = c.

Note: (i) We can prove (2) by the exercise as follows. Note that f{x) > 0 for all x by
the remark (1)-(ii) Consider the composite function g(x) = logf{x), then
glx+y) = logfix +y) = logflx)(y) = logflx) +logf(y) = g(x) + g(y). Since log and
are continuous on R, its composite function g is continuous on R. Use the exercise, we
have g(x) = cx for some c. Therefore, f({x) = es™) = e,

(i1) We can prove (2) by the remark (1) as follows. It suffices to show that this f'is
differentiable at 0 by remark (1) and (1)-(iii). Sincef(4-) = f(1) " then for every real r,
f(r) = [f(1)]" by continuity of /. Note that lim,, <52~ exists. Given any sequence {7, }
with », — 0, and thus consider

N B (O T 00) R R [0 S
rn=0 n n n
we have f'is differentiable at x = 0. So, by remark (1), we have f{x) = e.

exists,

(3) Give an example such that f'is not continuous on R.

Solution: Consider g(x + y) = g(x) + g(v) for all x,y. Then we have g(q) = gg(1),
where g € Q. By Zorn’s Lemma, we know that every vector space has a basis
{ve : @ € I;. Note that {v, : a € [} is an uncountable set, so there exists a convergent
sequence {s,} S {vq : @ € I}. Hence, S := ({vq : @ € I} — {su},_ ;) U=} isanew
basis of R over Q. Given x,y € R, and we can find the same N such that

N N
X = qu andy = Zpkvk, where v, € S
k=1 k=1

Define the sume

N
x4y = D (it qi)vi
pa

By uniqueness, we define g(x) to be the sum of coefficients, i.e.,

N
g(x) = D qx.
k=1

Note that
g(3+) = lforalln = limg(3) =1
and
ST” - 0asn - ©

Hence, g is not continuous at x = 0 since if it was, then



1= lime(5)
= g(}}ﬂ% “%”) by continuity of g at 0

= g(0)

=0
which is absurb. Hence, g is not continuous on R by the exercise. To find such f; it suffices
to consider f{x) = es™),

Note: Such g (or /) is not measurable by Lusin Theorem.

4.19 Let f'be continuous on [a,b] and define g as follows: g(a) = f(a) and, for
a < x < b, let g(x) be the maximum value of f'in the subinterval [a,x]. Show that g is
continuous on [a,b].

Proof: Define g(x) = max{f(¢) : t € [a,x]}, and choose any point ¢ € [a,b], we want
to show that g is continuous at c. Given ¢ > 0, we want to find a 6 > 0 such that as
x € (c—90,c+96)NJa,b], we have

g(x) —g(o)| < e.
Since f'is continuous at x = ¢, then there exists a 6’ > 0 such that as
x € (c=0',c+38")N]a,b], we have

fle) — €2 < flx) < fle) +&/2.
Consider two cases as follows.
(1) max{f(¢) : t € [a,c+6']N[a,b]} = f(p1), where p; < c-0'.
Asx € (¢c—-0',c+98")N[a,b], we have g(x) = fp:) and g(c) = f(p1).
Hence, |g(x) — g(c)| = 0.
(2) max{f(¢) : t € [a,c+6']N[a,b]} = f(p1), where p; > c—0'.
Asx € (c—=0',c+98") N[a,b], we have by (¥) flc) —&/2 < g(x) < flc) + &€/2.
Hence, |g(x) — g(c)| < e.
So, if we choose 6 = &', then forx € (¢ —8,¢+96) N [a,b],

g(x) —g(c)| < by (1) and (2).
Hence, g(x) is continuous at c¢. And since c is arbitrary, we have g(x) is continuous on
[a,b]

Remark: It is the same result for min{f{(¢) : ¢ € [a,x]} by the preceding method.

4.20 Let f1,...,fm be m real-valued functions defined on R”. Assume that each f; is
continuous at the point @ of S. Define a new function f'as follows: For each x in S, f(x) is
the largest of the m numbers f;(x),...,fn(x). Discuss the continuity of f at a.

Proof: Assume that each f} is continuous at the point a of S, then we have (f; + f;) and
[fi — ;] are continuous at a, where 1 < i,j < m. Since max(a,b) = w, then
max(f1,/2) is continuous at a since both (f; + f2) and |1 — f2| are continuous at a. Define
fx) = max(fi,...fn), use Mathematical Induction to show that f{x) is continuous at

x = a as follows. As m = 2, we have proved it. Suppose m = k holds, i.e., max(fi,...f;) is
continuous at x = a. Thenas m = k+ 1, we have

max(f1,.. .fie1) = max[max(fi,... i), e ]
is continuous at x = a by induction hypothesis. Hence, by Mathematical Induction, we
have prove that f'is continuos at x = a.
It is possible that fand g is not continuous on R whihc implies that max(f, g) is
continuous on R. For example, let f{x) = 0ifx € O, and f{x) = 1 ifx € Q¢ and g(x) = 1



ifx € O, and g(x) = 0ifx € Q°.
Remark: It is the same rusult for min(fi,...f,) since max(a,b) + min(a,b) = a + b.
4.21 Letf : § - R be continuous on an open set in R”, assume that p € §, and assume

that f{p) > 0. Prove that there is an n —ball B(p;r) such that f{x) > 0 for every x in the
ball.

Proof: Since (p €)S is an open set in R”, there exists a §; > 0 such that B(p,6,) < S.

Since f(p) > 0, given ¢ = @ > 0, then there exists an n —ball B(p;d,) such that as
x € B(p;92) NS, we have

@zﬂp)—g <flx) < flp)+e= @
Let 6 = min(01,0,), thenasx € B(p;0), we have
flx) > ) >0
5 )

Remark: The exercise tells us that under the assumption of continuity at p, we roughly
have the same sign in a neighborhood of p, if f(p) > 0 <0r fp) < O.)

4.22 Let f be defined and continuous on a closed set S in R. Let
A={x:xeSandfix) =0}.
Prove that 4 is a closed subset of R.

Proof: Since 4 = f71({0}), and f'is continous on S, we have 4 is closed in S. And
since S is closed in R, we finally have 4 is closed in R.

Remark: 1. Roughly speaking, the property of being closed has Transitivity. That is,
in(M,d)letS <€ T < M, if Sis closed in 7, and T is closed in M, then S is closed in M.

Proof: Let x be an adherent point of S in M, then By(x,7) NS # ¢ for every r > 0.
Hence, By/(x,7) N T + ¢ for every r > 0. It means that x is also an adherent point of 7" in
M. Since T is closed in M, we find that x € T. Note that since By/(x,7) NS # ¢ for every
r>0,wehave (S < 7)

Br(x,r)NS = Bulx,ryNT)NS =Bulx,r)y N(SNT) = By(x,r) NS # ¢.
So, we have x is an adherent point of S in 7. And since S is closed in 7, we have x € S.

Hence, we have proved that if x is an adherent point of S in M, then x € S. That is, S is
closed in M.

Note: (1) Another proof of remark 1, since S is closed in 7, there exists a closed subset
U in Msuch that S = UN T, and since T is closed in M, we have S is closed in M.

(2) There is a similar result, in (M,d) let S € T < M, if Sis open in 7, and 7 is open
in M, then S is open in M. (Leave to the reader.)

2. Here is another statement like the exercise, but we should be cautioned. We write it
as follows. Let fand g be continuous on (S,d;) into (7,d,). Let 4 = {x : fix) = g(x)},
show that A4 is closed in S.

Proof: Let x be an accumulation point of 4, then there exists a sequence {x,} < 4
such that x, - x. So, we have f(x,) = g(x,) for all n. Hence, by continuity of fand g, we
have

) = fQlimoen) = limflen) = limg(ra) = g(limx) = gx).
Hence, x € A. That is, 4 contains its all adherent point. So, A4 is closed.



Note: In remark 2, we CANNOT use the relation
Sx) —gx)

are not necessarily defined on the metric space (7,d>).

since the difference

4.23 Given a function f : R - R, define two sets 4 and B in R? as follows:
A =L(xy) 1y <)},
B =A{(xy) 1y >fx)}.
and Prove that f'is continuous on R if, and only if, both A and B are open subsets of R?.
Proof: (=) Suppose that f'is continuous on R. Let (a,b) € A4, then f{a) > b. Since f'is

continuous at a, then given &€ = ﬂa;_b > 0, there exists a (¢ >)0 > 0 such that as
Ix —a| < 0, we have

ROXD _ ftay ¢ < flw) < fla) +&. *

Consider (x,y) € B((a,b);5), then |x — a\z + 1y - b|2 < 02 which implies that
L x—a| <8 = fx) > Why(*)and

2.[y—b|<5:>y<b+5<b+gzw.

Hence, we have f(x) > y. That is, B((a,b);0) < A. So, A is open since every point of A4 is
interior. Similarly for B.

(<) Suppose that 4 and B are open in R?. Trivially, (a,f(a) — €/2) = p; € A, and
(a,fla) + €/2) := p, € B. Since 4 and B are open in R?, there exists a (¢/2 >)é > 0 such
that

B(p1,0) < A and B(p,,0) < B.
Hence, if (x,y) € B(p1,9), then
(x—a)’ + (v — (fa) —&2))* < 62 and y < flx).
So, it implies that
x—al <o, |yv—fla) + /2] <5, andy < f(x).
Hence, as |x —a| < 0, we have
-0 <y—fla)+¢/2
= fla)-0—-¢€/2 <y < flx)
= fla) —¢ <y < fix)
= fla) — ¢ < flx). ok
And if (x,y) € B(p,,8), then
x—a)’ + (- (fa) +&2))* < 62 and y > flx).
So, it implies that
x—al <o, |yv—fla) —€/2] <5, andy > f(x).
Hence, as |x —a| < 0, we have
fix) <y <fla)y+¢€2+6 < fla) +e¢. otk
So, given & > 0, there exists a 0 > 0 such that as |x — a| < 0, we have by (**) and (***)
fla) — & < flx) < fla) + &.

That is, f'is continuous at a. Since a is arbitrary, we know that f'is continuous on R.

4.24 et fbe defined and bounded on a compact interval Sin R. If T < §, the



number
QAT) = sup{flx) ~fy) 1 %y € T}
is called the oscillation (or span) of fon 7. If x € S, the oscillation of fat x is defined to
be the number
odx) = ,1,1}0119/(3()“;}1) Nn>Ss).
Prove that this limit always exists and that w/(x) = 0 if, and only if, fis continuous at x.

Proof: 1. Note that since f'is bounded, say |[f{x)| < M for all x, we have
fx) =f)| < 2M for all x,y € S. So, Q«T), the oscillation of f'on any subset 7 of S,
exists. In addition, we define g(h) = QA{B(x;4) N S). Note that if 7} < T>(< S), we have
QAT,) < QAT>). Hence, the oscillation of fat x, wAx) = lim;.o+g(h) = g(0 +) since g is
an increasing function. That is, the limit of QB (x;/#) N S) always exists as & — 0*.

2. (=) Suppose that w(x) = 0, then given & > 0, there exists a 6 > 0 such that as
h € (0,0), we have

g(h)| = g(h) = QUB(x;h) N S) < &l2.
That is, as 4 € (0,6), we have
sup{f(¢t) —f(s) : t,s € B(x;h) NS} < &/2
which implies that
-2 <flt)—fix) <easte (x—5,x+5)NS.
So,ast e (x—9,x+ ) NS. we have
)~ fx)] < .

That is, f'is continuous at x.

(<) Suppose that fis continous at x, then given & > 0, there exists a 6 > 0 such that as
te (x—0,x+0)NS, we have

[ft) — fx)| < &/3.
So,ast,s € (x—0,x+0) NS, we have
) —fs)| < [ft) —fx)| + [flx) —f(s)| < &/3+¢/3 =2¢/3
which implies that
sup{(t) = f(s) : t,s € (x—=0,x+0) NS} <2¢/3 < e.
So,as h € (0,0), we have
Q(B(x;h) NS) =sup{(t) —fls) : t,s € x-6,x+5) NS} < e&.

Hence, the oscillation of fatx, w/x) = 0.

Remark: 1. The compactness of S is not used here, we will see the advantage of the
oscillation of f'in text book, Theorem 7.48, in page 171. (On Lebesgue’s Criterion for
Riemann-Integrability.)

2. One of advantage of the oscillation of f'is to show the statement: Let f'be defined on
[a,b] Prove that a bounded /' does NOT have the properties:

f'is continuous on Q N [a,b], and discontinuous on (R — Q) N [a, b].
Proof: Since w/(x) = 0 if, and only if, f'is continuous at x, we know that w/(r) > 0 for
r € (R-0)Nla,b]. DefineJy, = {r : o{r) > 1/n}, then by hypothesis, we know that
U, Jim = (R—0Q) N [a,b]. Itis easy to show that Jy, is closed in [a,b]. Hence,
int[cl(Jy,)] = int(Jy),) = ¢ for all n € N. It means that J,,, is nowhere dense for all
n € N. Hence,



[a,b] = (Uszy J1m) U (Q N [a,b])
is of the firse category which is absurb since every complete metric space is of the second
category. So, this f cannot exist.

Note: 1 The Boundedness of f can be removed since we we can accept the concept
o > 0.

2. (Jy, 1s closed in [a, b]) Given an accumulation point x of J,,,, if x & J,,, we have
ox) < 1/n. So, there exists a 1 —ball B(x) such that Q(B(x) N [a,b]) < 1/n. Thus, no
points of B(x) can belong to Jy,,, contradicting that x is an accumulation point of J;,,.
Hence, x € J,, and Jy,, is closed.

3. (Definition of a nowhere dense set) In a metric space (M, d), let 4 be a subset of M,
we say 4 is nowhere dense in M if, and only if 4 contains no balls of M, (< int(4) = ¢).

4. (Definition of a set of the first category and of the second category) A set 4 in a
metric space M is of the first category if, and only if, 4 is the union of a countable number
of nowhere dense sets. A set B is of the second category if, and only if, B is not of the first
category.

5. (Theorem) A complete metric space is of the second category.

We write another important theorem about a set of the second category below.

(Baire Category Theorem) A nonempty open set in a complete metric space is of the
second category.

6. In the notes 3,4 and 5, the reader can see the reference, A First Course in Real
Analysis written by M. H. Protter and C. B. Morrey, in pages 375-377.

4.25 Let f'be continuous on a compact interval [a,b]. Suppose that f'has a local
maximum at x; and a local maximum at x,. Show that there must be a third point between
x1 and x, where f has a local minimum.

Note. To say that f'has a local maximum at x; means that there is an 1 —ball B(x;) such
that f{x) < f(x,) for all x in B(x;) N [a,b]. Local minimum is similarly defined.

Proof: Let x, > x;. Suppose NOT, i.e., no points on (x;,x,) can be a local minimum
of f. Since fis continuous on [x;,x;], then inf{f{x) : x € [x1,x2]} = f{x;) or flx) by
hypothesis. We consider two cases as follows:

(1) If inf{f{x) : x € [x1,x2]} = f{x1), then

(1) f{x) has a local maximum at x; and
(i1) flx) > flx;) for all x € [x1,x3].
By (i), there exists a 6 > 0 such that x € [x;,x; +0) < [x1,x2], we have
(1i1) f{x) < flx1).
So, by (ii) and (iii), as x € [x1,x; +J), we have
Sfx) = flxr)
which contradicts the hypothesis that no points on (x;,x,) can be a local minimum of f.

(2) If inf{f(x) : x € [x1,x2]} = fx1), it is similar, we omit it.

Hence, from (1) and (2), we have there has a third point between x; and x, where f has
a local minimum.

4.26 Let f'be a real-valued function, continuous on [0, 1], with the following property:
For every real y, either there is no x in [0, 1] for which f{x) = y or there is exactly one such
x. Prove that f'is strictly monotonic on [0, 1].



Proof: Since the hypothesis says that f'is one-to-one, then by Theorem*, we know that f
is trictly monotonic on [0, 1].

Remark: (Theorem*) Under assumption of continuity on a compact interval, 1-1 is
equivalent to being strictly monotonic. We will prove it in Exercise 4.62.

4.27 Let fbe a function defined on [0, 1] with the following property: For every real
number y, either there is no x in [0, 1] for which f{x) = y or there are exactly two values of
x in [0, 1] for which f(x) = y.

(a) Prove that f'cannot be continuous on [0, 1].

Proof: Assume that fis continuous on [0, 1], and thus consider max . ;1/{(x) and
min,,11/(x). Then by hypothesis, there exist exactly two values a; < a, € [0,1] such
that f{a;) = flaz) = max,,/(x), and there exist exactly two values b, < b, € [0, 1]
such that f{b1) = f(b2) = min, 1 /(x).

Claim that a; = 0 and a, = 1. Suppose NOT, then there exists at least one belonging
to (0,1). Without loss of generality, say a; € (0,1). Since fhas maximum ata; € (0,1)
and a, € [0,1], we can find three points p;, p,, and p3 such that

l.p1 <ai <p2 <p;<ay,
2. fip1) < flar), flp2) < flar), and f(p3) < flaz).
Since f{a;) = f(a,z), we choose a real number 7 so that
fip1) <r<flay) = r=flq1), where q; € (pi,a;) by continuity of f.
f(p2) <r < flay) = r = flq2), where g, € (a;,p>) by continuity of f.
fp3) <r < flay) > r = flgs), where g3 € (p3,a,) by continuity of 1.
which contradicts the hypothesis that for every real number y, there are exactly two values
of x in [0, 1] for which f{x) = y. Hence, we know that a; = 0 and @, = 1. Similarly, we
alsohave by = 0and b, = 1.
So, max ,11/(x) = min,cp;;/(x) which implies that fis constant. It is impossible.
Hence, such f'does not exist. That is, fis not continuous on [0, 1].
(b) Construct a function f which has the above property.
Proof: Consider [0,1] = (Q°N[0,1]) U (QN[0,1]), and write
ono,1] = {xy,x2,...,Xn,... r. Define
1. fix2u-1) = flxon) = n,
2. flx) = xifx € (0,1/2) N Q¢,
3.fx) = 1 —xifx € (1/2,1) N Q°.
Then if x = y, then it is clear that f{x) = f(y). That is, f'is well-defined. And from
construction, we know that the function defined on [0, 1] with the following property: For

every real number y, either there is no x in [0, 1 ] for which f{x) = y or there are exactly
two values of x in [0, 1] for which f{x) = y.

Remark: {x : fis discontinuous at x} = [0,1]. Given a € [0,1]. Note that since
fix) e Nforallx e QN [0,1] and Q is dense in R, for any 1 —ball B(a;7) N (O N [0,1]),
there is always a rational number y € B(a;r) N (Q N [0,1]) such that |f(y) — fla)| = 1.

(c) Prove that any function with this property has infinite many discontinuities on
[0,1].

Proof: In order to make the proof clear, property 4 of f means that



for every real number y, either there is no x in [0, 1] for which f{x) = y or

there are exactly two values of x in [0, 1] for which f{x) = y

Assume that there exist a finite many numbers of discontinuities of £, say these points
X1,...,Xn. By property A, there exists a unique y; such that f{x;) = f(y;) for 1 <i < n.
Note that the number of the set
S = ({x1,-xar U{pis. .oy U {x : flx) = f0), and fix) = f{1)} ) is even, say 2m
We remove these points from S, and thus we have 2m + 1 subintervals, say /;,

1 <j < 2m+ 1. Consider the local extremum in every /;, 1 <j < 2m + 1 and note that
every subinterval /;, 1 <j < 2m + 1, has at most finite many numbers of local extremum,
say #({t € [; : f{x) is the local extremum} = {t@,..,t%’}) = p;. And by property 4,
there exists a unique s,((j) such that f(t,?’) = f(s,?’) for 1 < k < p;. We again remove these

points, and thus we have removed even number of points. And odd number of open
intervals 1s left, call the odd number 2g — 1. Note that since the function f'is monotonic in
every open interval left, R;, 1 </ < 2g — 1, the image of f on these open interval is also an
open interval. If R, N R, # ¢, say R, = (a1,a;) and R, = (b1,b,) with (without loss of
generality) a; < by < a < by, then

R, = R, by property A.

(Otherwise, b, is only point such that f{x) = f{(b,), which contradicts property 4.) Note
that given any R,, there must has one and only one R, such that R, = R,. However, we
have 2¢g — 1 open intervals is left, it is impossible. Hence, we know that f'has infinite many
discontinuities on [0, 1].

4.28 In each case, give an example of a real-valued function f, continuous on S and
such that f{S) = T, or else explain why there can be no such f :

(@) S =(0,1), T=(0,1].
Solution: Let

2x if x € (0,1/2],
fx) = . :
1ifx e (1/2,1).

b)S=1(,1), T=(0,1)U(1,2).

Solution: NO! Since a continuous functions sends a connected set to a connected set.
However, in this case, S is connected and 7 is not connected.

(¢c) S = R!, T = the set of rational numbers.

Solution: NO! Since a continuous functions sends a connected set to a connected set.
However, in this case, S is connected and 7' is not connected.

() S =1[0,11U[2,3], T = {0,1}.

Solution: Let
0ifx € [0,1],
Sx) = .
1ifx € [2,3].

(€)S=1[0,1]x[0,1], T = R2.

Solution: NO! Since a continuous functions sends a compact set to a compact set.
However, in this case, S is compact and 7" is not compact.



®HS=1[0,1]x[0,1],T = (0,1) x (0,1).

Solution: NO! Since a continuous functions sends a compact set to a compact set.
However, in this case, S is compact and 7 is not compact.

(g)S=1(0,1)x(0,1),T = R?.
Solution: Let
flx,y) = (cotmx,cotmy).
Remark: 1. There is some important theorems. We write them as follows.
(Theorem A) Let f : (S,ds) — (T,dr) be continuous. If X is a compact subset of S,
then f(X) is a compact subset of 7.

(Theorem B) Let /' : (S,ds) » (T,dr) be continuous. If X is a connected subset of S,
then f(X) is a connected subset of 7.

2. In (g), the key to the example is to find a continuous function f: (0,1) - R which is
onto.

Supplement on Continuity of real valued functions

Exercise Suppose that f{x) : (0,00) - R, is continuous with a < f{x) < b for all
x € (0,0), and for any real y, either there is no x in (0,%) for which f{x) = y or
there are finitely many x in (0,) for which f{x) = y. Prove that lim,. f{x) exists.

Proof: For convenience, we say property 4, it means that for any real y, either
there is no x in (0, ) for which f{x) = y or there are finitely many x in (0,) for
which f(x) = y.

We partition [a, b] into n subintervals. Then, by continuity and property 4, as x
is large enough, f{x) is lying in one and only one subinterval. Given ¢ > 0, there
exists N such that 2/N < ¢. For this N, we partition [a,b] into N subintervals, then
there is a M > 0 such that as x,y > M

[fx) —fy)| < 2/N < e.

So, lim.o f{x) exists.
Exercise Suppose that f{x) : [0,1] - R is continunous with f{0) = f{(1) = 0. Prove that

(a) there exist two points x; and x; such that as |x; — x,| = 1/n, we have
flx1) = flxz) # 0 for all n. In this case, we call 1/n the length of horizontal strings.

Proof: Define a new function g(x) = f{x + +) — flx) : [0,1 — +]. Claim that
there exists p € [0,1 — 1] such that g(p) = 0. Suppose NOT, by Intermediate
Value Theorem, without loss of generality, let g(x) > 0, then

g0 +g(4) +.+g(1-L) =) >0

which is absurb. Hence, we know that there exists p € [0,1 — -] such that

g(p) = 0. That is,
(L) 1)

So, we have 1/n as the length of horizontal strings.
(b) Could you show that there exists 2/3 as the length of horizontal strings?

Proof: The horizontal strings does not exist, for example,



x, ifx € [0,+]
fix) = —x+%, ifxe[%,i] .

4
x—1,ifx € [3,1]

Exercise Suppose that f{x) : [a,b] - R is a continuous and non-constant function. Prove
that the function f cannot have any small periods.

Proof: Say f'is continuous at ¢ € [a,b], and by hypothesis that fis
non-constant, there is a point p € [a,b] such that |f{q) — f{p)| = M > 0. Since f'is
continuous at ¢, then given € = M, there is a 6 > 0 such that as
x e (qg—0,9+9)N][a,b], we have

[fx) =Alg)| < M.
If f'has any small periods, then in the set (¢ — 8,q + 0) N [a, b], there is a point
re(qg—9,9+09)N|[a,b]suchthat f{r) = f(p). It contradicts to (*). Hence, the
function f cannot have any small periods.

Remark 1. There is a function with any small periods.
Solution:The example is Dirichlet function,
0, ifx € Q¢
fx) = : :
I, ifxe Q
Since f{x + g) = f(x), for any rational g, we know that /' has any small periods.

2. Prove that there cannot have a non-constant continuous function which has
two period p, and g such that ¢g/p is irrational.

Proof: Since ¢/p is irrational, there is a sequence { 4> }(S Q) such that
4 _ 9 | 1
2N R
So, f'has any small periods, by this exercise, we know that this f cannot a
non-constant continuous function.

= |pgn — qpn| < |%| - OQasn - .

Note: The inequality is important; the reader should kepp it in mind. There are
many ways to prove this inequality, we metion two methods without proofs. The
reader can find the proofs in the following references.

(1) An Introduction To The Theory Of Numbers written by G.H. Hardy and
E.M. Wright, charpter X, pp 137-138.

(2) In the text book, exercise 1.15 and 1.16, pp 26.

3. Suppose that f{x) is differentiable on R prove that if f has any small periods,
then f'is constant.

Proof: Given ¢ € R, and consider
fle +p;z —flo) _ 0 for all n.

where p, is a sequence of periods of function such that p, - 0. Hence, by
differentiability of f, we know that f'(¢) = 0. Since c is arbitrary, we know that
f(x) = 0 on R. Hence, f'is constant.

Continuity in metric spaces



In Exercises 4.29 through 4.33, we assume that f : S — T 'is a function from one metric
space (S, ds) to another (7,dr).

4.29 Prove that f1s continuous on S if, and only if,
f1(intB) < int(f~'(B)) for every subset B of T.

Proof: (=) Suppose that f'is continuous on S, and let B be a subset of 7. Since
int(B) < B, we have f~!(intB) < f~'(B). Note that /! (intB) is open since a pull back of
an open set under a continuous function is open. Hence, we have

int[f~'(intB)] = f'(intB) < int(f'(B)).

That is, /! (intB) < int(f~'(B)) for every subset B of 7.

(<) Suppose that -1 (intB) < int(f"!(B)) for every subset B of T. Given an open subset
uc 1), i.e., intU = U, so we have

SHU) = 1 ntU) < int(f71(U)).

In addition, int(f"'(U)) < f~1(U) by the fact, for any set 4, intA is a subset of 4. So, fis
continuous on S.

4.30 Prove that f'is continuous on § if, and only if,
fcl(A4)) < cl(f(4)) for every subset 4 of S.

Proof: (=) Suppose that f'is continuous on S, and let 4 be a subset of S. Since
fA) < cl(f(4)), then (4 C)f 1 (f(4)) < f'(cl(f(4))). Note that /1 (c/(f(4))) is closed
since a pull back of a closed set under a continuous function is closed. Hence, we have
cl(4) < cllf ' (cl(flA)))] = /' (cl(f(4)))
which implies that

Acl(4)) < fIf1(cl(Td)))] < cl(fl4)).
(<) Suppose that f{cl(4)) < cl(f(4)) for every subset 4 of S. Given a closed subset
C(c T), and consider /' (C) as follows. Define /! (C) = 4, then
Sel(F(C))) = flcl(4))
< cl(fld)) = cl(fiF1(C)))
c cl(C) = Csince C'is closed.
So, we have by (f(c/(4)) < C)
cl(4) < 1 (flcl(4))) = f1(C) = 4

which implies that 4 = f~!(C) is closed set. So, f'is continuous on S.

4.31 Prove that f1s continuous on S if, and only if, fis continuous on every compact
subset of S. Hint. If x, - p in S, the set {p,x;,x2,... } is compact.

Proof: (=) Suppose that f'is continuous on S, then it is clear that f'is continuous on
every compact subset of S.

(<) Suppose that f'is continuous on every compact subset of S, Given p € S, we
consider two cases.

(1) p 1s an isolated point of S, then f'is automatically continuous at p.

(2) p is not an isolated point of S, that is, p is an accumulation point p of S, then there
exists a sequence {x,}(<)S with x, - p. Note that the set {p,x1,x,,... } is compact, so we
know that f'is continuous at p. Since p is arbitrary, we know that f'is continuous on S.

Remark: If x, - pin S, the set {p,x1,x2,...} is compact. The fact is immediately



from the statement that every infinite subset {p,x;,x2,... } of has an accumulation point in

{p,xl,xg,...}.

4.32 A function f: 8§ = Tis called a closed mapping on S if the image f{4) is closed
in T for every closed subset 4 of S. Prove that f'is continuous and closed on S if, and only
if,

flcl(4)) = cl(f(4)) for every subset 4 of S.

Proof: (=) Suppose that f'is continuous and closed on S, and let 4 be a subset of S.
Since 4 < cl(A4), we have f(4) < f(cl(4)). So, we have
cl(fl4)) < cl(f(cl(4))) = f(cl(A4)) since fis closed.
In addition, since f{4) < cl(f(4)), we have A < f1(f(4)) < f'(cl(f{4))). Note that
f1(cl(f(A))) is closed since f'is continuous. So, we have
cl(4) < cl(f(cl(fl4)))) = [ (cl(4)))
which implies that
Acl(4)) < fif1(cl(fi4)))) < cl(fi4)).
From (*) and (**), we know that f{cl(4)) = cl(f(A)) for every subset 4 of S.
(<) Suppose that f{cl(4)) = cl(f(4)) for every subset 4 of S. Gvien a closed subset C
of S, i.e., c/(C) < C, then we have
AC) = fel(€)) = cl(C)).
So, we have f{C) is closed. That is, f'is closed. Given any closed subset B of 7, i.e.,
cl(B) < B, we want to show that /7! (B) is closed. Since f"!(B) := 4 < S, we have
Ael(f1(B))) = fcl(4)) = cl(fl4)) = cl(fif(B))) < cl(B) = B
which implies that
Al(f1(B))) € B = cl(f'(B)) < [ (Al (B)))) < f(B).
That is, we have cl/(f"'(B)) < f'(B). So, f1(B) is closed. Hence, fis continuous on S.

4.33 Give an example of a continuous fand a Cauchy sequence {x,} in some metric
space S for which {f{(x,)} is not a Cauchy sequence in 7.

Solution: Let S = (0,1], x, = I/nforalln € N, and f = 1/x : § - R. Then it is clear
that f'is continous on S, and {x,} is a Cauchy sequence on S. In addition, Trivially,
{f(x») = n} is not a Cauchy sequence.

Remark: The reader may compare the exercise with the Exercise 4.54.

4.34 Prove that the interval (-=1,1) in R! is homeomorphic to R!. This shows that
neither boundedness nor completeness is a topological property.

Proof: Since f(x) = tan(5-) : (-1,1) - R is bijection and continuous, and its
converse function f~!(x) = arctanx : R - (—1,1). Hence, we know that f'is a Topologic
mapping. (Or say f'is a homeomorphism). Hence, (-1, 1) is homeomorphic to R!.

Remark: A function fis called a bijection if, and only if, fis 1-1 and onto.

4.35 Section 9.7 contains an example of a function f, continuous on [0, 1], with
A10,1]) = [0,1] x[0,1]. Prove that no such f'can be one-to-one on [0, 1].

Proof: By section 9.7, let f: [0,1] - [0,1] x [0, 1] be an onto and continuous function.
If fis 1-1, then so is its converse function f~!. Note that since fis a 1-1 and continous
function defined on a compact set [0, 1], then its converse function /! is also a continous
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function. Since f{[0,1]) = [0,1] x [0, 1], we have the domain of /! is [0, 1] x [0, 1] which
is connected. Choose a special point y € [0,1] x [0, 1] so that /' (y) := x € (0,1).
Consider a continous function g = ([0 1}x[0,11-¢ » then

g :[0,1]x[0,1] =<y} - [0,x) U (x, 1] which is continous. However, it is impossible
since [0,1] x [0,1] — {y} is connected but [0,x) U (x, 1] is not connected. So, such f cannot
exist.

Connectedness

4.36 Prove that a metric space S is disconnected if, and only if there is a nonempty
subset 4 of S, 4 # S, which is both open and closed in S.

Proof: (=) Suppose that S is disconnected, then there exist two subset 4, B in S such
that

1.4, Bareopenin S, 2.4 # pand B # ¢, 3.ANB =¢,and4. AUB = S.

Note that since 4, B are openin S, we have 4 = S— B, B = §— A4 are closed in S. So, if S
is disconnected, then there is a nonempty subset 4 of S, 4 # S, which is both open and
closed in S.

(<) Suppose that there is a nonempty subset 4 of S, 4 # S, which is both open and
closed in S. Then we have S — 4 := B is nonempty and B is open in S. Hence, we have two
sets A, B in S such that

1.4, Bareopenin $, 2.4 + gand B + ¢, 3.ANB = ¢, and4. AUB = §S.
That is, S is disconnected.

4.37 Prove that a metric space S is connected if, and only if the only subsets of S which
are both open and closed in S are empty set and S itself.

Proof: (=) Suppose that S is connected. If there exists a subset 4 of S such that
1.4 # ¢, 2. A is a proper subset of S, 3. 4 is open and closed in S,
then let B = S — A, we have
1.4, Bareopenin S, 2.4 +# pand B+ ¢, 3. ANB=¢,and4. A UB = S.

It is impossible since S is connected. So, this 4 cannot exist. That is, the only subsets of §
which are both open and closed in S are empty set and S itself.

(<) Suppose that the only subsets of S which are both open and closed in S are empty
set and S itself. If S is disconnected, then we have two sets 4, B in S such that

1.4, Bareopenin S, 2.4 + gand B + ¢, 3.ANB = ¢, and4. AUB = S.

It contradicts the hypothesis that the only subsets of § which are both open and closed in §
are empty set and S itself.

Hence, we have proved that S is connected if, and only if the only subsets of S which
are both open and closed in S are empty set and S itself.

4.38 Prove that the only connected subsets of R are
(a) the empty set,

(b) sets consisting of a single point, and

(c) intervals (open, closed, half-open, or infinite).

Proof: Let S be a connected subset of R. Denote the symbol #(A4) to be the number of
elements in a set 4. We consider three cases as follows. (a) #(S) = 0, (b) #(S) = 1, (¢)
#(S) > 1.

For case (a), it means that S = ¢, and for case (b), it means that S consists of a single
point. It remains to consider the case (c). Note that since #(S) > 1, we have infS # supS.



Since S < R, we have S < [inf§,supS]. (Note that we accept that infS = —oo or
supS = o0.) If S is not an interval, then there exists x € (infS,supS) such thatx ¢ S.
(Otherwise, (infS,supS) < S which implies that S is an interval.) Then we have

l.(—o,x) NS :=A4isopenin§

2. (x,+0) NS := BisopeninS

3.AUB = §.

Claim that both 4 and B are not empty. Asume that 4 is empty, then every s € S, we have
s > x > infS. By the definition of infimum, it is impossible. So, 4 is not empty. Similarly

for B. Hence, we have proved that S is disconnected, a contradiction. That is, S is an
interval.

Remark: 1. We note that any interval in R is connected. It is immediate from Exercise
4.44. But we give another proof as follows. Suppose there exists an interval S is not
connceted, then there exist two subsets 4 and B such that

1.4, Bareopenin S, 2.4 + pand B + ¢, 3.ANB =¢,and4. AUB = S.
Since 4 + ¢ and B + ¢, we choose a € 4 and b € B, and let a < b. Consider
¢ = sup{4 N [a,b]l}.
Note that ¢ € cl(4) = A implies that ¢ ¢ B. Hence, we have a < ¢ < b. In addition,
c ¢ B = cl(B), then there exists a Bs(c;0) N B = ¢. Choose
d € Bs(c;0) = (¢c—0,c+09) NS so that
l.c<d<band2.d ¢ B.
Then d ¢ A. (Otherwise, it contradicts ¢ = sup{4 N [a,b]}. Note that

d € [a,b] < S = AU B which implies that d € 4 or d € B. We reach a contradiction since
d ¢ Aandd ¢ B. Hence, we have proved that any interval in R is connected.

2. Here is an application. Is there a continuous function /' : R - R such that
AQ) < O, and Q) < 07

Ans: NO! If such fexists, then both f{Q) and f{Q¢) are countable. Hence, f(R) is
countable. In addition, f{R) is connected. Since f{R) contains rationals and irrationals, we
know f(R) is an interval which implies that f{R) is uncountable, a cotradiction. Hence, such
f does not exist.

4.39 Let X be a connected subset of a metric space S. Let Y be a subset of S such that
X € Y < cl(X), where c/(X) is the closure of X. Prove that Y is also connected. In
particular, this shows that c/(X) is connected.

Proof: Given a two valued function fon ¥, we know that fis also a two valued
function on X. Hence, f'is constant on X, (without loss of generality) say f = 0 on X.
Consider p € Y — X, it ,means that p is an accumulation point of X. Then there exists a
dequence {x,} < X such thatx, - p. Note that f{x,) = 0 for all n. So, we have by
continuity of fon Y,

fw) = fQlimxn) = lim/ix) = 0.
Hence, we have f'is constant 0 on Y. That is, Y is conneceted. In particular, c/(X) is
connected.

Remark: Of course, we can use definition of a connected set to show the exercise. But,
it is too tedious to write. However, it is a good practice to use definition to show it. The
reader may give it a try as a challenge.



4.40 If x is a point in a metric space S, let U(x) be the component of S containing x.
Prove that U(x) is closed in S.

Proof: Let p be an accumulation point of U(x). Let f'be a two valued function defined
on U(x) U {p}, then fis a two valud function defined on U(x). Since U(x) is a component
of S containing x, then U(x) is connected. That is, f'is constant on U(x), (without loss of
generality) say /= 0 on U(x). And since p is an accumulation point of U(x), there exists a
sequence {x,} < U(x) such that x, - p. Note that f{x,,) = 0 for all n. So, we have by
continuity of fon U(x) U {p},

f®) = f(limx,) = limAx,) = 0.
So, U(x) U {p} is a connected set containing x. Since U(x) is a component of S containing

x, we have U(x) U {p} < U(x) which implies that p € U(x). Hence, U(x) contains its all
accumulation point. That is, U(x) is closed in S.

4.41 Let S be an open subset of R. By Theorem 3.11, S is the union of a countable
disjoint collection of open intervals in R. Prove that each of these open intervals is a
component of the metric subspace S. Explain why this does not contradict Exercise 4.40.

Proof: By Theorem 3.11, S = U;., 1,, where /;isopeninRand ;N 1; = ¢ if i # ;.
Assume that there exists a /,, such that 7,, is not a component 7 of S. Then T — I, is not
empty. So, there exists x € T— I, and x € I, for some n. Note that the component U(x) is
the union of all connected subsets containing x, then we have

TUI, <€ Ux).
In addition,
Ux)cT
since 7T is a component containing x. Hence, by (*) and (**), we have I, < T. So,
InUI, < T. Since T'is connected in R!, T itself is an interval. So, int(T) is still an interval
which is open and containing 7, U /,. It contradicts the definition of component interval.
Hence, each of these open intervals is a component of the metric subspace S.

Since these open intervals is open relative to R, not S, this does not contradict Exercise
4.40.

4.42 Givena compact S in R with the following property: For every pair of points a
and b in S and for every € > 0 there exists a finite set of points {xo,xy,...,Xx,} in S with
xo = a and x, = b such that

|lxi —xi1 || < efork =1,2,..,n.
Prove or disprove: S is connected.

Proof: Suppose that S is disconnected, then there exist two subsets 4 and B such that
1.4, Bareopenin S, 2. A # pand B # ¢, 3. ANB =¢,and4. AUB = S.

Since 4 # ¢ and B # ¢, we choose a € A4, and b € A4 and thus given ¢ = 1, then by
hypothesis, we can find two points a; € 4, and b, € B such that ||a; — b,| < 1. For a,,
and b;, given € = 1/2, then by hypothesis, we can find two points a, € 4, and b, € B
such that ||a; — b, || < 1/2. Continuous the steps, we finally have two sequence {a,} < 4
and {b,} < Bsuch that ||a, — b,| < 1/n for all n. Since {a,} < A4, and {b,} < B, we
have {a,} < Sand {b,} < Sby S = 4 U B. Hence, there exist two subsequence

{an,} < Aand {b,,} < Bsuchthata, — x, and b,, - y, where x, y € S since S is
compact. In addition, since 4 is closed in S, and B is closed in S, we have x € 4 and

y € B. On the other hand, since ||a, — b, || < 1/n for all n, we have x = y. That is,
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A N B # ¢ which contradicts (*)-3. Hence, we have prove that S is connected.

Remark: We given another proof by the method of two valued function as follows. Let
fbe a two valued function defined on S, and choose any two points @, b € S. If we can
show that f{a) = f(b), we have proved that f'is a constant which implies that S is
connected. Since f'is a continuous function defined on a compact set S, then f'is uniformly
on S. Thus, given 1 > ¢ > 0, there existsad > 0 such thatas |[x —y| <, x, y € S, we
have [f(x) —f(y)| < € < 1 = fix) = f{y). Hence, for this 9, there exists a finite set of
points {x¢,X1,...,X, in S with xg = a and x, = b such that

lxy —xi1 || <6 fork=1,2,..,n.
So, we have fla) = f(xo) = fix1) =...= flxn) = f(b).
4.43 Prove that a metric space S is connected if, and only if, every nonempty proper
subset of § has a nonempty boundary.
Proof: (=) Suppose that S is connected, and if there exists a nonempty proper subset U
of S such that 0U = ¢, then let B = cl(S — U), we have (define c/(U) = A)
1.A # ¢. B+ ¢since S—U # ¢,
22AUB = c(U)Ucl(S-U)2UUS-U) =S
=>S5S=A4AUB,
3.A4NB = cl(U) Ncl(S-U) = oU = ¢,
and
4. Both 4 and B are closed in S = Both 4 and B are open in S.

Hence, S is disconnected. That is, if S is connected, then every nonempty proper subset of
S has a nonempty boundary.

(<) Suppose that every nonempty proper subset of S has a nonempty boundary. If S is
disconnected, then there exist two subsets 4 and B such that

1.4, Bareclosedin S, 2.4 + ¢and B + ¢, 3.ANB =¢,and4. AUB = S.
Then for this 4, 4 is a nonempty proper subset of S with (c/(4) = 4, and cl/(B) = B)
oA =cllA)Ncl(S-A) =clA)Ncl(B)y=ANB = ¢

which contradicts the hypothesis that every nonempty proper subset of S has a nonempty
boundary. So, S is connected.

4.44. Prove that every convex subset of R” is connected.

Proof: Given a convex subset S of R”, and since for any pair of points a, b, the set
{1-0)a+0b:0<0<1} =TcS,ie,g:[0,1] > Tbyg@) =(1-0)a+0bisa
continuous function such that g(0) = a, and g(1) = b. So, § is path-connected. It implies
that S is connected.

Remark: 1. In the exercise, it tells us that every n —ball is connected. (In fact, every
n —ball is path-connected.) In particular, as n = 1, any interval (open, closed, half-open, or
infinite) in R is connected. For n = 2, any disk (open, closed, or not) in R? is connected.

2. Here is a good exercise on the fact that a path-connected set is connected. Given
[0,1] x [0,1] := S, and if T is a countable subset of S. Prove that S — T'is connected. (In
fact, S — T is path-connected.)

Proof: Given any two points a and b in S — 7, then consider the vertical line L passing
through the middle point (@ + b)/2. Let 4 = {x : x € L N S}, and consider the lines form
a to A, and from b to 4. Note that 4 is uncountable, and two such lines (form a to 4, and



from b to A) are disjoint. So, if every line contains a point of 7, then it leads us to get 7'is
uncountable. However, 7' is countable. So, it has some line (form a to 4, and from b to A4)
isin S — 7. So, it means that S — 7 is path-connected. So, S — T is connected.

4.45 Given a function f: R" > R™ which is 1-1 and continuous on R”". If 4 is open
and disconnected in R”, prove that f{4) is open and disconnected in f{R").

Proof: The exercise is wrong. There is a counter-example. Let f : R — R?

(cos(3Z= — L), 1 —sin(3Z — L)) ifx > 0

f _ 1+x 1+

X T : 27nx T :
(COS(% — 7),—1 + Sll’l(ﬁ — 7)) ifx <0

Remark: If we restrict n,m = 1, the conclusion holds. That is, Let /' : R - R be
continuous and 1-1. If 4 is open and disconnected, then so is f{4).

Proof: In order to show this, it suffices to show that f maps an open interval / to
another open interval. Since f'is continuous on /, and / is connected, f{/) is connected. It
implies that f{/) is an interval. Trivially, there is no point x in / such that f{x) equals the
endpoints of f{/). Hence, we know that f{/) is an open interval.

Supplement: Here are two exercises on Homeomorphism to make the reader get more
and feel something.

I.Letf: E < R - R. If {(x,f{x)) : x € E} is compact, then fis uniformly continuous
on E.

Proof: Let {(x,f(x)) : x € E} = S, and thus define g(x) = (/(x) = x,f(x)) : E - S.
Claim that g is continuous on E. Consider 4 : S - E by h(x,f(x)) = x. Trivially, A4 is 1-1,
continuous on a compact set S. So, its inverse function g is 1-1 and continuous on a
compact set E. The claim has proved.

Since g is continuous on £, we know that f'is continuous on a compact set £. Hence, f
is uniformly continuous on E.

Note: The question in Supplement 1, there has another proof by the method of
contradiction, and use the property of compactness. We omit it.

2.Letf: (0,1) » R. If {(x,f{x)) : x € (0,1)} is path-connected, then f'is continuous
on (0,1).

Proof: Let a € (0, 1), then there is a compact interval (a €)[a;,az] < (0,1). Claim

that the set
{(x,f(x)) : x € [ay,a2]} = S is compact.

Since S is path-connected, there is a continuous function g : [0,1] — S such that
2(0) = (a1,flay)) and g(1) = (az,f(az)). If we can show g([0,1]) = S, we have shown
that S is compact. Consider /# : S - R by h(x,f(x)) = x; h is clearly continuous on S. So,
the composite function 20 g : [0,1] - R is also continuous. Note that 4 o g(0) = a;, and
hog(l) = a,, and the range of / o g is connected. So, [a;,a>] < h(g([0,1])). Hence,
2([0,1]) = S. We have proved the claim and by Supplement 1, we know that fis
continuous at a. Since a is arbitrary, we know that f'is continuous on (0, 1).

Note: The question in Supplement 2, there has another proof directly by definition of
continuity. We omit the proof.

4.46 Let 4 = {(xy) :0<x<1,y=sinl/x}, B={(xy):y=0, —1<x <0},
and let S = 4 U B. Prove that S is connected but not arcwise conneceted. (See Fig. 4.5,



Section 4.18.)

Proof: Let f be a two valued function defined on S. Since 4, and B are connected in S,
then we have

fl4) = a, and f(B) = b, where {a,b} = {0,1}.
Given a sequence {x, (< 4) withx, - (0,0), then we have
a = limf(x,) = ](lnig)lxn) by continuity of / at 0
= f(0,0)
= b.
So, we have f'is a constant. That is, S is connected.
Assume that S is arcwise connected, then there exists a continuous function
g :[0,1] - Ssuch that g(0) = (0,0) and g(1) = (1,sin1). Given € = 1/2, there exists a
0 > 0 such that as [f| < J, we have

lg(®) —gO)[| = llg®| < 1/2.
Let N be a positive integer so that —— < &, thus let (53—,0) = p and (W,O) = q.
Define two subsets U and V as follows:

U= {(x,y) DX > #} Ng(g.rl)

={Gy x< 2L} nglla.p))

Then we have

(D). UUV =g(g,p]), 2). U=+ ¢,sincep € Uand V # ¢, since g € V,

(3). UNV = ¢ by the given set A, and (*)
Since {(x,y) : x > %} and {(x,y) : x < %} are open in R?, then U and V are open in
g([g,p]). So, we have

(4). Uis open in g([g,p]) and V is open in g([¢,p]).
From (1)-(4), we have g([¢,p]) is disconnected which is absurb since a connected subset
under a continuous function is connected. So, such g cannot exist. It means that S is not
arcwise connected.

Remark: This exercise gives us an example to say that connectedness does not imply
path-connectedness. And it is important example which is worth keeping in mind.

4.47 Let F = {F,F>,...} be a countable collection of connected compact sets in R”"
such that F;,; < Fy for each k > 1. Prove that the intersection N2, F is connected and
closed.

Proof: Since F; is compact for each k£ > 1, F is closed for each £ > 1. Hence,
N, Fr = F is closed. Note that by Theorem 3.39, we know that F' is compact. Assume
that £ is not connected. Then there are two subsets 4 and B with

lA+¢,B+¢.2.ANB=¢.3.AUB =F. 4. A,B are closed in F.

Note that 4, B are closed and disjoint in R”. By exercise 4.57, there exist U and V' which
are open and disjoint in R" such that 4 < U, and B < V. Claim that there exists /' such
that F, < U U V. Suppose NOT, then there exists x; € F, — (U U V.) Without loss of
generality, we may assume that x; ¢ Fy,;. So, we have a sequence {x;} < F; which
implies that there exists a convergent subsequence {x;, , say limy, o0 X5y = X. It is
clear that x € F for all £ since x is an accumulation point of each F. So, we have



xeF=Ng, Fr=AUB<S UUV

which implies that x is an interior point of U U V since U and V are open. So,

B(x;6) < UU V for some 0 > 0, which contradicts to the choice of x;. Hence, we have
proved that there exists F; such that Fy € UU V. Let C = UN Fy, and D = V' N Fy, then
we have

1.C+¢sinced < Uand 4 < Fy, and D + ¢ since B < Vand B < F}.
2.CND=UNnF)NINF)cUNV=4¢.
3.CUD=UNF)UWVNFy) = Fy.

4. Cis open in F; and D is open in F; by C, D are open in R".

Hence, we have Fy is disconnected which is absurb. So, we know that F = N2, Fy is
connected.

4.48 Let Sbe an open connected set in R”. Let T be a component of R” — S. Prove
that R” — T is connected.

Proof: If S is empty, there is nothing to proved. Hence, we assume that S is nonempty.

Write R" — § = Uyerr—s U(x), where U(x) is a component of R” — §. So, we have
R" = SU (Usern—s U(x)).
Say T'= U(p), for some p. Then
R"—T = SU (Usepr_s-r U(x)).

Claim that c/(S) N U(x) # ¢ for all x € R" — § — T. If we can show the claim, given
a,b € R" — T, and a two valued function on R” — T. Note that c/(S) is also connected. We
consider three cases. (1) a € S, b € U(x) for some x. (2) a,b € S. (3) a € U(x),
b e UX).

For case (1), let ¢ € cl(S) N U(x), then there are {s,} < Sand {u,} < U(x) with
s, - cand u, — ¢, then we have

fa) = limfisn) = f(limsn) = fe) = f(limun) = limfun) = fib)
which implies that f{a) = f(b).

For case (2), it is clear fla) = f(b) since S itself is connected.
For case (3), we choose s € S, and thus use case (1), we know that

fa) = fs) = f(b).
By case (1)-(3), we have f'is constant on R” — 7. That is, R” — T is connected.
It remains to show the claim. To show c/(S) N U(x) # ¢ forallx € R" - S—T, i.e., to
show that forallx e R" - S-T,
c(S)NUK) = (SUS) N Ux)
=S"NUKx)

*+ .
Suppose NOT, i.e., for some x, S’ N U(x) = ¢ which implies that U(x) < R" — cl(S)
which is open. So, there is a component V" of R” — cl(S) contains U(x), where V is open by
Theorem 4.44. However, R" — cl(S) < R" — S, so we have V is contained in U(x).
Therefore, we have U(x) = V. Note that U(x) < R" — S, and R" — S is closed. So,
cl(U(x)) < R" —§. By definition of component, we have c/(U(x)) = U(x), which is
closed. So, we have proved that U(x) = V is open and closed. It implies that U(x) = R" or
¢ which is absurb. Hence, the claim has proved.

4.49 Let (S,d) be a connected metric space which is not bounded. Prove that for every



a in S and every r > 0, the set {x : d(x,a) = r} is nonempty.
Proof: Assume that {x : d(x,a) = r} is empty. Denote two sets {x : d(x,a) < r} by 4
and {x : d(x,a) > r} by B. Then we have
1.4 # ¢ sincea € A and B # ¢ since S is unbounded,
2.ANB = ¢,
3.AUB = §,
4. A = B(a;r) is open in S,
and consider B as follows. Since {x : d(x,a) < r}isclosedin S, B =S —<{x : d(x,a) < r}
is open in S. So, we know that S is disconnected which is absurb. Hence, we know that the
set {x : d(x,a) = r} is nonempty.
Supplement on a connected metric space

Definition Two subsets 4 and B of a metric space X are said to be separated if both
ANcl(B) =¢andcl(4) N B = ¢.

A set E € Xis said to be connected if £ is not a union of two nonempty separated
sets.

We now prove the definition of connected metric space is equivalent to this definiton
as follows.

Theorem A set £ in a metric space X is connected if, and only if £ is not the union of
two nonempty disjoint subsets, each of which is open in E.

Proof: (=) Suppose that £ is the union of two nonempty disjoint subsets, each
of which is open in E, denote two sets, U and V. Claim that

UNncl(V) =cl(U)ynV = ¢.
Suppose NOT, i.e., x € UN cl(V). That is, there is a 6 > 0 such that
Bx(x,0) NE = Bp(x,0) < Uand Bx(x,0) NV + ¢
which implies that
Bx(x,0) NV = Bx(x,0) N (VNE)
= Bx(x,0)NE)NV
cunvbv=4¢,

a contradiction. So, we have U N cl(V) = ¢. Similarly for c/(U) NV = ¢. So, X is
disconnected. That is, we have shown that if a set £ in a metric space X is
connected, then £ is not the union of two nonempty disjoint subsets, each of which
is open in E.

(<) Suppose that E is disconnected, then £ is a union of two nonempty
separated sets, denoted £ = 4 U B, where 4 N cl(B) = cl/(4) N B = ¢. Claim that 4
and B are open in E. Suppose NOT, it means that there is a point x(€¢ 4) which is
not an interior point of 4. So, for any ball Bg(x,r), there is a correspounding
x, € B, where x, € Bg(x,r). It implies that x € ¢/(B) which is absurb with
ANcl(B) = ¢. So, we proved that 4 is open in E. Similarly, B is open in E. Hence,
we have proved that if £ is not the union of two nonempty disjoint subsets, each of
which is open in E, then E in a metric space X is connected.

Exercise Let A and B be connected sets in a metric space with 4 — B not connected and
suppose 4 — B = C; U C, where c/(C;) N C, = Cy Ncl(Cy) = ¢. Show that
B U C is connected.



Proof: Assume that B U C is disconnected, and thus we will prove that C; is
disconnected. Consider, by c/(C;) N C, = C; N cl(Cy) = ¢,

CiNncC;uAnNB)]=CiNncl(ANB) (€ CiNcl(B))
and
cd(C)N[CUUANB)] =c(Ci)NANB) (€ cl(Cy)NB)

we know that at least one of (*) and (**) is nonempty by the hypothesis A4 is
connected. In addition, by (*) and (**), we know that at leaset one of

CiNcl(B)
and
c(Cy)NB

is nonempty. So, we know that C; is disconnected by the hypothesis B is connected,
and the concept of two valued function.
From above sayings and hypothesis, we now have

1. B is connected.
2. C; is disconnected.
3. BU C; is disconnected.

Let D be a component of B U C; so that B < D; we have, let
(BUC))-D =E(< (),

DNcl(E) =cl(D)NE=¢
which implies that
c(EYN(A—-E)=¢,andcl(A-E)NE = ¢.
So, we have prove that 4 is disconnected wich is absurb. Hence, we know that
B U C; is connected.

Remark We prove that c/(4 —E)NE = cl(E) N (4 —E) = ¢ as follows.
Proof: Since
DNclE) = ¢,
we obtain that
c(E)yN(A-E)
=c(E)YN[(DUC)UANB)]
cl(E)N[(DUC,y)UB]
c(EyYN(DUC,)since B< D
cl(E)YNCysince DN CI(E) = ¢
cl(C1) N Cy since E < Cy
.

In

N

And since
c(D)NE = ¢,
we obtain that

k3k



cdA-E)NE
= c[(DUC,)UMNB)INE
c[(DUC)UBINE
cl(DUCy)NEsince BS D
cl(C)NEsincecl(D)NE = ¢
cl(Cy) N Cy since E < Cy
= ¢

N

N

Exercise Prove that every connected metric space with at least two points is uncountable.

Proof: Let X be a connected metric space with two points a and b, where
a + b. Defineaset4, = {x : d(x,a) > r}yand B, = {x : d(x,a) < r}. Itis clear
that both of sets are open and disjoint. Assume X is countable. Let
re @, @ :|, it guarantee that both of sets are non-empty. Since

[@, @ ] is uncountable, we know that there is a 6 > 0 such that

As U Bs = X. It implies that X is disconnected. So, we know that such X is
countable.

Uniform continuity

4.50 Prove that a function which is uniformly continuous on § is also continuous on S.

Proof: Let f be uniformly continuous on S, then given ¢ > 0, there exists a0 > 0 such

that as d(x,y) < 0, x and y in S, then we have

d(fx),f(y)) < .

Fix y, called a. Then given ¢ > 0, there exists a 6 > 0 such that as d(x,a) < J, x in S,
then we have

d(f(x),fla)) < e.

That is, f'is continuous at a. Since a is arbitrary, we know that f'is continuous on S.
451 If f{x) = x? for x in R, prove that f'is not uniformly continuous on R.

Proof: Assume that f'is uniformly continuous on R, then given ¢ = 1, there exists a
0 > 0 such that as [x — y| < 6, we have

[fx) =f)] < 1.

Choosex = y+ £, (= |x —y| < ), then we have
5 2
) /)l = [ov+ () ‘<1.
When we choose y = +, then
3V - ol
‘1+<2> —1+<2)<1

which is absurb. Hence, we know that f'is not uniformly continuous on R.

Remark: There are some similar questions written below.

1. Here is a useful lemma to make sure that a function is uniformly continuous on
(a,b), but we need its differentiability.

(Lemma) Let f : (a,b) < R — R be differentiable and |[f'(x)| < M for all x € (a,b).
Then fis uniformly continuous on (a,b), where a, b may be too.



Proof: By Mean Value Theorem, we have
) /)| = If @) — v, where z € (x,y) or (y,x)
< M|x — y| by hypothesis.
Then given ¢ > 0, there is a 0 = &/M such that as |x —y| < 0, x,y € (a,b), we have

[fx) = /)| < & by (*).

Hence, we know that f'is uniformly continuous on (a, b).

Note: A standard example is written in Remark 2. But in Remark 2, we still use
definition of uniform continuity to practice what it says.

2. sinx is uniformly continuous on R.

Proof: Given ¢ > 0, we want to find a 6 > 0 such that as |x — y| < 6, we have
|sinx — siny| < e.
Since sinx — siny = 2cos(5>) sin(5>), [sinx| < |x|, and [cosx| < 1, we have
sinx — siny| < |x — y|
So, if we choose 0 = ¢, then as |[x —y| < 6, it implies that
|sinx —siny| < €.
That is, sinx is uniformly continuous on R.

Note: [sinx —siny| < |x — y| for all x,y € R, can be proved by Mean Value Theorem

as follows.
proof: By Mean Value Theorem, sinx — siny = (sinz)'(x — y); it implies that
|sinx — siny| < |x —y|.

3. sin(x?) is NOT uniformly continuous on R.

Proof: Assume that sin(x?) is uniformly continuous on R. Then given ¢ = 1, there is a

0 > 0 such that as [x —y| < 6, we have
sin(x?) — sin(y?)| < 1.

Consider

nﬂ+%—m= 2 < —L _(>0),

Inm + % + J/nr 4 /nm

and thus choose N = |: L :| + 1(> I ) which implies
(45) (49)
Nn—i—% —JNr < 6.
So, choose x = [N + 4 and y = J/Nr, then by (*), we have
_ _ T _ ~|ginZ | =
[flx) —f»)] |sm(N7r+ 2) sm(Nn)| | sin % | 1 <1

which is absurb. So, sin(x?) is not uniformly continuous on R.

4. Jx is uniformly continuous on [0, ).

Proof: Since |ﬁ - | < Jlx—y| forall x,y € [0,), then given ¢ > 0, there exists

ad = & such that as [x — y| < 0, x,y € [0,0), we have

|Vx = | <fx-y <V ==

So, we know that ,/x is uniformly continuous on [0, o).



Note: We have the following interesting results:. Prove that, forx > 0, y > 0,

k—yPPif0<p <1,
P —yP| < .
phx—=y|xP Tt +yr1)if1 < p < 0.

Proof: (As 0 < p < 1) Without loss of generality, let x > y, consider
fx) = (x—y)? —xP +yP, then

fx) = p[(x—y)"’f1 —xl’*lj > 0, note thatp — 1 < 0.
So, we have f'is an increasing function defined on [0, o) for all given y > 0. Hence, we
have f(x) > f{0) = 0. So,
x -y < (x—y)ifx>y>0
which implies that
e =yl < =yl
forx >0,y >0.
Ps: The inequality, we can prove the case p = 1/2 directly. Thus the inequality is not
surprising for us.
(As 1 < p < o) Without loss of generality, let x > y, consider
xP —yP = (pzP1)(x — y), where z € (y,x), by Mean Value Theorem.
< px?~'(x — y), note thatp — 1 > 0,
< pOert +yP ) (x - y)
which implies
P = yP| < ple = y|Gert + )
forx >0,y >0.
5. In general, we have
. is uniformly continuous on [0, ), if » € [0,1],
! is NOT uniformly continuous on [0,), if r > 1,
and
o is uniformly continuous on [0,), if » € [0,1],
sm') = is NOT uniformly continuous on [0,), if 7 > 1.
Proof: (x) As r = 0, it means that x” is a constant function. So, it is obviuos. As

r € (0,1], then given ¢ > 0, thereisad = € > 0 such thatas |x — y| < 8, x,y € [0,),
we have

Ix" —y"] < |x —y|” by note in the exercise
<o
= &.
So, x” is uniformly continuous on [0,), if » € [0,1].
As r > 1, assume that x” is uniformly continuous on [0, ), then given & = 1 > 0,
there exists a 6 > 0 such that as |x — y| < 6, x,y € [0,0), we have

"=y < 1.
By Mean Value Theorem, we have (letx = y +6/2, y > 0)



X' =yt =z (x —y)
> ry1(512).
So, if we choose y > (& ﬁ, then we have
x'—yr>1
which is absurb with (*). Hence, x" is not uniformly continuous on [0, ).

Ps: The reader should try to realize why x” is not uniformly continuous on [0, ), for
r > 1. The ruin of non-uniform continuity comes from that x is large enough. At the same
time, compare it with theorem that a continuous function defined on a compact set K is
uniflormly continuous on K.

(sinx”) As r = 0, it means that x” is a constant function. So, it is obviuos Asr e (0,1],
given ¢ > 0, thereisa d = ¢ > 0 such that as |x — y| < 8, x,y € [0,0), we have

|smx’—s1ny’|=‘2cos(x ery )sm( )V )‘

< =y

< |x — y|" by the note in the Remark 4.
<o
= €.
So, sinx" is uniformly continuous on [0, ), if » € [0,1].
As r > 1, assume that sinx” is uniformly continuous on [0,), then given ¢ = 1, there
isad > Osuch thatas |x —y| <, x,y € [0,00), we have

|sinx” — siny”| < 1.
: 1/ .
Consider a sequence {(mr +7) "~ (nm) ULt s easy to show that the sequence tends to

0 asn - o. So, there exists a positive integer N such that [x —y| < §, x = (nm + %)W
y = (n)'". Then
sinx” —siny” = 1
which contradicts (**). So, we know that sinx” is not uniformly continuous on [0, ).
Ps: For {(mr + %)m - (mr)l/r = x, - 0asn - 0, here is a short proof by using
L-Hospital Rule.
Proof: Write

1/r
Xp = (nn + ”) — ()"

(mr)l/r|:(1 + 5)1/} - 1:|

[(1+§)”"—1}

(nﬂ_)fl/r

and thus consider the following limit



(1+Lx)1/r_1
O

im
X—00 (xn_ ) -1/r
, -
= lim %x%‘l (1 - 21_x> by L-Hospital Rule.

= 0.

Hence x, - Oasn — .
6. Here is a useful criterion for a function which is NOT uniformly continuous defined
a subset 4 in a metric space. We say a function f'is not uniformly continuous on a subset 4

in a metric space if, and only if, there exists &9 > 0, and two sequences {x,} and {y,}
such that as

Li_l:gxn —Vn = 0
which implies that
fxn) —frn)| = &o for n is large enough.

The criterion is directly from the definition on uniform continuity. So, we omit the
proof.

4.52 Assume that /1s uniformly continuous on a bounded set S in R". Prove that /'
must be bounded on S.

Proof: Since f'is uniformly continuous on a bounded set S in R”, given € = 1, then
there exists a 0 > 0 such that as ||[x — y|| < 8, x,y € S, we have

d(f(x),f(y)) < 1.

Consider the closure of S, cl(S) is closed and bounded. Hence cI(S) is compact. Then for
any open covering of c/(S), there is a finite subcover. That is,

cl(S) S Usears) B(x;6/2),
= cl(S) < UK B(x;6/2), where x; € cI(S),
= S € UK B(xy;6/2), where x; € cl(S).

Note that if B(x;6/2) NS = ¢ for some k, then we remove this ball. So, we choose
Vi € B(x;;0/2) NS, 1 < k < n and thus we have

B(x;6/2) < B(yg;6)for 1 < k <n,
since let z € B(xy;6/2),
lz=yell < llz=xell + llxx = yell < 8/2+68/2 = 6.
Hence, we have
S < UK B(y; 8), where y, € S.
Given x € S, then there exists B(y;0) for some k such that x € B(y;9). So,
d(fix).flxr)) <1 = fix) € B(fy); 1)
Note that U= B(f(y,); 1) is bounded since every B(f(y); 1) is bounded. So, let B be a

bounded ball so that U= B(f(y);1) < B. Hence, we have every x € S, f(x) € B. That is,
fis bounded.

Remark: If we know that the codomain is complete, then we can reduce the above
proof. See Exercise 4.55.

4.53 Let fbe a function defined on a set S in R” and assume that f{S) < R™. Let g be
defined on f{S) with value in R¥, and let & denote the composite function defined by



h(x) = g[f(x)] ifx € S. If fis uniformly continuous on § and if g is uniformly continuous
on f{S), show that % is uniformly continuous on S.

Proof: Given ¢ > 0, we want to find a § > O such that as [|[x —y| . < 3, x,y € S, we
have

[2() = RO I = 1g(Tx)) — gl < e.
For the same ¢, since g is uniformly continuous on f{S), then there exists a 6’ > 0 such
that as [|f(x) —f(¥) |l p» < &', we have

Ig(x)) = gD < &.

For this ¢', since fis uniformly continuous on S, then there exists a § > 0 such that as
x =yl gn < 8, X,y € S, we have

Hf(x) _f(y) ||Rm <o
So, given &€ > 0, thereis a 6 > 0 such that as |[[x — y|| .. < 9, x,y € S, we have
[AGx) =h() | < e

That is, 4 is uniformly continuous on S.

Remark: It should be noted that (Assume that all functions written are continuous)
(1) (uniform continuity) ° (uniform continuity) = uniform continuity.

: . : o NOT unif tinuity,
(2) (unlform cont1nu1ty> ° (NOT uniform cont1nu1ty> = @) HiHorm CONHRU, of

(b) uniform continuity.

: o : o NOT unif tinuity,
3) <NOT uniform cont1nu1ty> ° (umform cont1nu1ty> = @) HIHoTm CONHRUY, of

(b) uniform continuity.

: o . o NOT unif tinuity,
4) <NOT uniform cont1nu1ty> ° (NOT uniform cont1nu1ty> = @) HiHorn COntRuy, of

(b) uniform continuity.

For (1), it is from the exercise.

For (2), (a) let f{x) = x, and g(x) = x2, x € R = flg(x)) = f(x?) = x2.
(b) let flx) = J/x, and g(x) = x2, x € [0,0) = flg(x)) = fx?) = x.
For (3), (a) let f{x) = x2, and g(x) = x, x € R = flg(x)) = f(x) = x>~
(b) let flx) = x?, and g(x) = J/x, x € [0,%0) = flg(x)) = AAJx) = x.
For (4), (a) let f{x) = x2, and g(x) = x3, x € R = flg(x)) = flix®) = xC.
(b) let flx) = 1/x, and g(x) = —=.x € (0,1) = fig(x)) :/(%) s

Note. In (4), we have x” is not uniformly continuous on (0, 1), for » < 0. Here is a
proof.

Proof: Let » < 0, and assume that x” is not uniformly continuous on (0, 1). Given
¢ =1, thereisa é > 0 such that as [x —y| < 6, we have
"=y < 1. *
Letx, = 2/n, and y, = 1/n. Then x, — y, = 1/n. Choose n large enough so that 1/n < §.
So, we have



=) -G

r
— (%) |27 = 1| - o, asn — cosince r < 0,

which is absurb with (*). Hence, we know that x” is not uniformly continuous on (0, 1), for
r<0.

Ps: The reader should try to realize why x” is not uniformly continuous on (0, 1), for
r < 0. The ruin of non-uniform continuity comes from that x is small enough.

4.54 Assume f: S - Tisuniformly continuous on S, where S and 7" are metric
spaces. If {x,} is any Cauchy sequence in S, prove that {f{x,)} is a Cauchy sequence in 7.
(Compare with Exercise 4.33.)

Proof: Given ¢ > 0, we want to find a positive integer N such that as n,m > N, we
have

d(f(xn),flxm)) < €.

For the same ¢, since fis uniformly continuous on S, then there is a 6 > 0 such that as
d(x,y) < 0, x,y € S, we have

d(f(x),f(y)) < e.

For this §, since {x,} is a Cauchy sequence in S, then there is a positive integer N such
that as n,m > N, we have

d(xn,xm) < 0.
Hence, given € > 0, there is a postive integer N such that as n,m > N, we have

d(f(xn),f(xm)) < €.
That is, {f{x,)} is a Cauchy sequence in T.

Remark: The reader should compare with Exercise 4.33 and Exercise 4.55.

4.55 Let f S = Tbe a function from a metric space S to another metric space 7.
Assume that f'is uniformly continuous on a subset 4 of S and let 7 is complete. Prove that
there is a unique extension of fto c/(4) which is uniformly continuous on c/(4).

Proof: Since cl(A4) = AU A/, it suffices to consider the case x € 4" — A. Since
x € A' — A, then there is a sequence {x,} < 4 with x, - x. Note that this sequence is a
Cauchy sequence, so we have by Exercise 4.54, {f(x,)} is a Cauchy sequence in 7 since f’
is uniformly on 4. In addition, since 7 is complete, we know that {f{x,)} is a convergent
sequence, say its limit L. Note that if there is another sequence {x,} < 4 with X, - x,
then {f(X,)} is also a convergent sequence, say its limit L'. Note that {x,} U {X,} is still a
Cauchy sequence. So, we have

d(L,L") < d(L,f(xn)) +d(f(xn),/(Xn)) + d(f(Xn),L') > 0asn - oo.
So, L = L'. That is, it is well-defined for g : cl(4) — T by the following
fix)ifx € 4,
g(x) = . . ,
lim fix,) if x € A" — 4, where x, - x.

So, the function g is a extension of f'to c/(A4).
Claim that this g is uniformly continuous on c/(4). That is, given € > 0, we want to
find a 6 > 0 such that as d(x,y) < 0, x,y € cl(4), we have

d(g(x),g(v)) < &.

Since f'is uniformly continuous on 4, for & = ¢/3, there isa é' > 0 such that as



d(x,y) < 8, x,y € A, we have
d(fix).f(y)) < €.
Letx,y € cl(4), and thus we have {x,} < 4 withx, - x, and {y,} < 4 withy, - y.
Choose 6 = 6'/3, then we have
d(x,,x) < 6'/3 and d(y,,y) < 6'/3 asn > N
So, as d(x,y) < 6 = 6'/3, we have (n > N))
d(xn,yn) < dxn,x) +dx,y) +dy,yn) < 8'/3+6'13+06'/3 =46".
Hence, we have as d(x,y) < 9, (n > Ny)
d(g(x),g(n)) < d(g(x),/(xn)) + d(fxn),fyn)) + d(fyn)./(¥))
< d(g(x).flxn)) + & +d(fyn),g())
And since limy« f(x,) = g(x), and lim,-« f(y») = g(y), we can choose N > N such that
d(g(x),f(xn)) < & and

d(flvn),g()) < €.
So, as d(x,y) < 9, (n > N) we have

d(g(x),g(y)) < 3¢’ = g by (*).
That is, g is uniformly on cl(A4).
It remains to show that g is a unique extension of f'to c/(4) which is uniformly
continuous on c/(4). If there is another extension / of f'to c/(4) which is uniformly
continuous on c¢/(4), then givenx € A" — A, we have, by continuity, (Say x, - x)

hx) = h(limx, ) = limh(x,) = limfx,) = limg(xa) = g(limx, ) = g(x)
which implies that 2(x) = g(x) for allx € A’ — A. Hence, we have h(x) = g(x) for all
x € cl(4). That is, g is a unique extension of f'to c/(4) which is uniformly continuous on
cl(4).

Remark: 1. We do not require that 4 is bounded, in fact, 4 is any non-empty set in a
metric space.

2. The exercise is a criterion for us to check that a given function is NOT uniformly
continuous. For example, let /' : (0,1) - R by f{x) = 1/x. Since f{0 +) does not exist, we
know that fis not uniformly continuous. The reader should feel that a uniformly continuous
is sometimes regarded as a smooth function. So, it is not surprising for us to know the
exercise. Similarly to check f{x) = x2,x € R, and so on.

3. Here is an exercise to make us know that a uniformly continuous is a smooth
function. Let /' : R — R be uniformly continuous, then there exist a, f > 0 such that

[fx)] < alx| + B.
Proof: Since f'is uniformly continuous on R, given € = 1, there is a 0 > 0 such that as
Ix —y| < 6, we have

[flx) = /)| < L.
Given any x € R, then there is the positive integer N such that N6 > |x| > (N —1)0. If
x > 0, we consider

vo=0,y1 =062, y,=0,....yanv-1 = N6 — g,yzzv = X.

Then we have



[fx) - A0)| < Zlf(yzk) — Y2+ [fae1) =)
)

< 2N by (*)
which implies that

)] < 28 + [R0)|
sz(uig)+mmmmwupr—n5

< Zfx| + 2+ [f0))).
Similarly for x < 0. So, we have proved that |f{x)| < a|x| + B for all x.

4.56 1n a metric space (S,d), let 4 be a nonempty subset of S. Define a function
f4 1 S > R by the equation
fa(x) = inf{d(x,y) : y € A}
for each x in S. The number f;(x) is called the distance from x to A4.

(a) Prove that f; is uniformly continuous on S.
(b) Prove that cl(4) = {x :x e Sand fy(x) = O}.

Proof: (a) Given ¢ > 0, we want to find a 6 > 0 such that as d(x;,x;) < 9, x1,x2 € S,
we have

[fa(x1) = falx2)| < &
Consider (x1,x3,y € 5)
d(x1,y) < d(x1,x2) +d(x2,y), and d(x2,y) < d(x1,x2) +d(x1,)
So,
inf{d(x,y) : y € 4y < d(x1,x;) + inf{d(x,,y) : y € A} and
inf{d(x,,y) : v € A} < d(x1,x2) +inf{d(x;,y) : y € 4}
which implies that
Ja(x1) = fa(x2) < d(x1,x2) and f4(x2) — fa(x1) < d(x1,x2)
which implies that
[faGx1) = fa(x2)] < d(x1,x2).
Hence, if we choose 6 = ¢, then we have as d(x;,x,) < 0, x1,x, € S, we have
o) = fa(x)] < &
That is, f4 1s uniformly continuous on S.
(b) Define K = {x :x € Sand fy(x) = 0}, we want to show c/(4) = K. We prove it

by two steps.
(S) Letx € cl(A4), then B(x;r) N A + ¢ for all » > 0. Choose y; € B(x; 1/k) N A4, then
we have

inf{d(x,y) : yve Ay <d(x,y;) > 0ask - .
So, we have f;(x) = inf{d(x,y) : y € A} = 0. So, cl(4) < K.

(2) Letx € K, then f;(x) = inf{d(x,y) : y € A} = 0. That is, given any ¢ > 0, there
is an element y; € A such that d(x,y:) < €. Thatis, y, € B(x;€) N A. So, x is an adherent
point of 4. That is, x € cl(4). So, we have K < cl(4).

From above saying, we know that cl(4) = {x :x e Sand f4(x) = O}.

Remark: 1. The function f; often appears in Analysis, so it is worth keeping it in mind.



In addition, part (b) comes from intuition. The reader may think it twice about distance 0.

2. Here is a good exercise to pratice. The statement is that suppose that K and F are
disjoint subsets in a metric space X, K is compact, F'is closed. Prove that there exists a
0 > O such that d(p,q) > 6 if p € K, g € F. Show that the conclusion is may fail for two
disjoint closed sets if neither is compact.

Proof: Suppose NOT, i.e., for any 6 > 0, there exist ps € K, and g5 € F such that
d(ps,qs) < 6. Let 6 = 1/n, then there exist two sequence {p,} < K, and {¢,} < F such
that d(pn,q.) < 1/n. Note that {p,} < K, and K is compact, then there exists a
subsequence {py, } with lim,,.p,, = p € K. Hence, we consider d(ps,,qn,) < - to geta
contradiction. Since

d(pnkﬂp) + d(Pa‘]nk) S d(pnkgan) S l’lLk’

then let n; - oo, we have lim, . ¢g,, = p. That is, p is an accumulation point of ' which
implies that p € F. So, we get a contradiction since K N F' = ¢. That is, there exists a
0 > Osuchthatd(p,q) > d6ifp € K, q € F.

We give an example to show that the conclusion does not hold. Let
K={(,0) : x € Ry and F = {(x,1/x) : x > 0}, then K and F are closd. It is clear that
such 6 cannot be found.

Note: Two disjoint closed sets may has the distance 0, however; if one of closed sets is
compact, then we have a distance 6 > 0. The reader can think of them in R”, and note that
a bounded and closed subsets in R” is compact. It is why the example is given.

4.57 n a metric space (S,d), let A and B be disjoint closed subsets of S. Prove that
there exists disjoint open subsets U and V" of S such that 4 € Uand B < V. Hint. Let
g(x) = f4(x) — f3(x), in the notation of Exercise 4.56, and consider g~!'(—o0,0) and
g1(0,+00).

Proof: Let g(x) = f4(x) — f5(x), then by Exercixe 4.56, we have g(x) is uniformly
continuous on S. So, g(x) is continuous on S. Consider g=!' (-, 0) and g~!(0,+), and
note that 4, B are disjoint and closed, then we have by part (b) in Exercise 4.56,

gx) < 0ifx € 4 and
gx) > 0ifx € B.
So, we have 4 € g71(-0,0) := U, and B < g7'(0,+x) = V.
Discontinuities

4.58 Locate and classify the discontinuities of the functions f'defined on R! by the
following equations:

(a) flx) = sinx/x ifx = 0, f{0) = 0.

Solution: fis continuous on R — {0}, and since lim,.o 21 = 1, we know that fhas a
removable discontinuity at 0.

(b) f(x) = e ifx + 0, f{0) = 0.

Solution: 1'is continuous on R — {0}, and since lim,_¢+ ¢'* = oo and lim,_o- e'* = 0,
we know that f'has an irremovable discontinuity at 0.

() flx) = e  +sinl/xifx = 0, f{0) = 0.

Solution: f'is continuous on R — {0}, and since the limit f{x) does not exist as x - 0,
we know that f'has a irremovable discontinuity at 0.




(d) fix) = 1/(1 —e'™) if x # 0, f0) = 0.

Solution: f'is continuous on R — {0}, and since lim,_¢+ e¢!* = o0 and lim,_¢- e'* = 0,
we know that f'has an irremovabel discontinuity at 0. In addition, {0 +) = 0 and
f(0—) = 1, we know that f has the lefthand jump at 0, f{0) — /{0 —) = —1, and f'is

continuous from the right at 0.
4.59 Locate the points in R? at which each of the functions in Exercise 4.11 is not
continuous.

(a) By Exercise 4.11, we know that f{x,y) is discontinuous at (0,0), where

xr—y* .
flx,y) = Tyt if (x,y) = (0,0), and £{0,0) = 0.
Let g(x,y) = x2 —y?, and A(x,y) = x? + y? both defined on R? — {(0,0)}, we know that g
and % are continuous on R? — {(0,0)}. Note that # + 0 on R> — {(0,0)}. Hence, f = g/h is
continuous on R? — {(0,0)}.

(b) By Exercise 4.11, we know that f{x,y) is discontinuous at (0,0), where

5 if (x,y) # (0,0), and {0,0) = 0.
+(x-)
Let g(x,y) = (xp)%, and h(x,y) = (xv)* + (x — »)? both defined on R2 — {(0,0)}, we know
that g and 4 are continuous on R? — {(0,0)}. Note that # + 0 on R? — {(0,0)}. Hence,

f = g/h is continuous on R? — {(0,0)}.

(c) By Exercise 4.11, we know that f{x,y) is continuous at (0,0), where
fx,y) = Lsin(xy) if x # 0, and f0,y) = y,
since limy ,).(0,0)f(x,y) = 0 = f{0,0). Let g(x,y) = 1/x and h(x,y) = sin(xy) both defined

on R? — {(0,0)}, we know that g and % are continuous on R — {(0,0)}. Note that 2z = 0
on R? — {(0,0)}. Hence, ' = g/h is continuous on R* — {(0,0)}. Hence, fis continuous on
R2.

(d) By Exercise 4.11, we know that f{x,y) is continuous at (0,0), where
fy) (x +y)sin(l/x)sin(1/y) ifx # O and y # 0,
X,y) =
4 0 ifx=0ory=0.

since lim, ,).(0,0)/(x,y) = 0 = f(0,0). It is the same method as in Exercise 4.11, we know

that f'is discontinuous at (x,0) for x # 0 and f'is discontinuous at (0,y) for y # 0. And it is
clearly that f'is continuous at (x,)), where x # 0 and y # 0.

(e) By Exercise 4.11, Since

sinx—siny -
B fanz—iany ’ if tanx # tany,
f(‘xby) - . )
cos’x  iftanx = tany.

we rewrite
COS (%) COSXx COSy

fxy) = cos(5-)

cos’x  if tanx = tany.

if tanx # tany

We consider (x,y) € (—n/2,7/2) x (—n/2,7/2), others are similar. Consider two cases (1)
x =y, and (2) x # y, we have
(1) (x = y) Since lim, ). f(x,y) = cos’a = fla,a). Hence, we know that f'is



continuous at (a,a).
(2) (x # ) Since x # y, it implies that tanx # tany. Note that the denominator is not 0
since (x,y) € (—n/2,7n/2) x (—r/2,7/2). So, we know that fis continuous at (a,b), a + b.
So, we know that f'is continuous on (-n/2,7/2) x (—r/2,7/2).

Monotonic functions

4.60 Let f'be defined in the open interval (a,b) and assume that for each interior point x
of (a,b) there exists a 1 —ball B(x) in which fis increasing. Prove that f'is an increasing
function throughout (a, b).

Proof: Suppose NOT, i.e., there exist p,q with p < ¢ such that f{p) > f(¢q). Consider
[p,q](S (a,b)), and since for each interior point x of (a,b) there exists a 1 —ball B(x) in
which fis increasing. Then [p,q] S Usep, g B(x;0x), (The choice of balls comes from the

hypothesis). It implies that [p,q] < U}, B(xs;6.) = B,. Note thatif B; £ B;, we remove
such B; and make one left. Without loss of generality, we assume that x; <..< x,.
Ap) < flx1) <...< flxn) < flg)

which is absurb. So, we know that fis an increasing function throughout (a,b).

4.61 Let f'be continuous on a compact interval [a, b] and assume that f'does not have a
loacal maximum or a local minimum at any interior point. (See the note following Exercise
4.25.) Prove that f must be monotonic on [a, b].

Proof: Since f'is continuous on [a,b], we have
Ir%ag)i]f(x) = f(p), where p € [a,b] and

n?irbl]f(x) = flq), where g € [a,b].

So, we have {p,q} = {a,b} by hypothesis that / does not have a local maximum or a local
minimum at any interior point. Without loss of generality, we assume that p = a, and
g = b. Claim that f'is decreasing on [a, b] as follows.

Suppose NOT, then there exist x,y € [a,b] with x < y such that f{x) < f{y). Consider
[x,y] and by hyothesis, we know that f];, ,; has the maximum at y, and f[(,,; has the
minimum at y. Then it implies that there exists B(y;0) N [x,y] such that fis constant on
B(y;0) N [x,y], which contradicts to the hypothesis. Hence, we have proved that f'is
decreasing on [a,b].

4.62 1t f'is one-to one and continuous on [a, b], prove that f must be strictly
monotonic on [a,b]. That is, prove that every topological mapping of [a,/] onto an
interval [c,d] must be strictly monotonic.

Proof: Since f'is continuous on [a,b], we have
rr%a)bc]f(x) = f(p), where p € [a,b] and
x€la,

II[liIl}]f(x) = flq), where g € [a,b].

Assume that p € (a,b), then there exists a 6 > 0 such that f{y) < f(p) for all
yve((p-90,p+09) < [a,b]. Choosey; € (x—0,x) and y, € (x,x + ), then we have by
1-1, f(y1) < fix) and f()») < flx). And thus choose 7 so that

f1) <r < flx) = flz1) = r, where z; € (y;,x) by Intermediate Value Theorem,
fOn) < r < flx) = flzo) = r, where z, € (x,),) by Intermediate Value Theorem,
which contradicts to 1-1. So, we know that p € {a,b}. Similarly, we have g € {a,b}.



Without loss of generality, we assume that p = a and g = b. Claim that fis strictly
decreasing on [a,b].

Suppose NOT, then there exist x,y € [a,b], with x < y such that f{x) < f(y). ("="
does not hold since f'is 1-1.) Consider [x,y] and by above method, we know that f]}, ,; has
the maximum at y, and f[[,,; has the minimum at y. Then it implies that there exists
B(y;0) N [x,y] such that f'is constant on B();0) N [x,y], which contradicts to 1-1. Hence,
for any x < y(e [a,b]), we have f{x) > f{y). ("=" does not hold since fis 1-1.) So, we
have proved that f'is strictly decreasing on [a, b].

Reamrk: 1. Here is another proof by Exercise 4.61. It suffices to show that 1-1 and
continuity imply that /' does not have a local maximum or a local minimum at any interior
point.

Proof: Suppose NOT, it means that f has a local extremum at some interior point x.
Without loss of generality, we assume that f has a local minimum at the interior point x.
Since x is an interior point of [a, b], then there exists an open interval
(x—0,x+0) < [a,b] such that f{y) > f(x) forall y € (x — 0,x + §). Note that fis 1-1, so
we have f(y) > f{x) forall y € (x —9,x + ) — {x}. Choose y; € (x — ) and
y2 € (x,x +0), then we have f(y;) > f(x) and f(y,) > f{x). And thus choose 7 so that

fy1) > r> flx) = f(lp) = r, where p € (y1,x) by Intermediate Value Theorem,

fO2) > r> flx) = flq) = r, where g € (x,y,) by Intermediate Value Theorem,
which contradicts to the hypothesis that fis 1-1. Hence, we have proved that 1-1 and
continuity imply that /'does not have a local maximum or a local minimum at any interior
point.

2. Under the assumption of continuity on a compact interval, one-to-one is
equivalent to being strictly monotonic.

Proof: By the exercise, we know that an one-to-one and continuous function defined
on a compact interval implies that a strictly monotonic function. So, it remains to show that
a strictly monotonic function implies that an one-to-one function. Without loss of
generality, let f'be increasing on [a,b], then as f{x) = f{y), we must have x = y since if
x <y, then f{x) < f{y) and if x > y, then f{x) > f(y). So, we have proved that a strictly
monotonic function implies that an one-to-one function. Hence, we get that under the
assumption of continuity on a compact interval, one-to-one is equivalent to being strictly
monotonic.

4.63 Let /fbe an increasing function defined on [a,b] and let x,..,x, be n points in
the interior such that a < x; < x; <...< x, < b.

(a) Show that -7 [flx; +) — flxy —)] < fib—) — fla+).

Proof: Let a = xo and b = x,,,1; since fis an increasing function defined on [a,b], we
know that both f{x; +) and f{x; —) exist for 1 < k < n. Assume that y; € (x4, x41), then

we have f(y;) > flix, +) and f{x;—1) > f(v«—1). Hence,
D [k +) = foee )1 < Do) —fier))
k=1 k=1

< fn) =fo)
<flb-)-fla+).

(b) Deduce from part (a) that the set of dicontinuities of fis countable.



Proof: Let D denote the set of dicontinuities of /. Consider
Dy = {x € [a,b] : flx+)—fx-) > &}, then D = U°_; D,. Note that #(D,,) < o, so
we have D is countable. That is, the set of dicontinuities of f'is countable.

(c) Prove that f'has points of continuity in every open subintervals of [a,b].

Proof: By (b), f'has points of continuity in every open subintervals of [a, ], since
every open subinterval is uncountable.

Remark: (1) Here is another proof about (b). Denote O = {xi,...,Xxs,... }, and let x be
a point at which f'is not continuous. Then we have f{x +) — flx —) > 0. (If x is the end
point, we consider f{x +) — f{x) > 0 or f{x) — f{x —) > 0) So, we have an open interval /
such that 7, N f([a,b]) = {f{x)}. The interval /, contains infinite many rational numbers,
we choose the smallest index, say m = m(x). Then the number of the set of discontinuities
of fon [a,b] is a subset of N. Hence, the number of the set of discontinuities of f'on [a,b]
is countable.

(2) There is a similar exercise; we write it as a reference. Let f be a real valued function
defined on [0, 1]. Suppose that there is a positive number M having the following
condition: for every choice of a finite number of points x,..,x, in [0, 1], we have
-M < 2; x; < M. Prove that S : {x € [0,1] : f{lx) # 0} is countable.

Proof: Consider S, = {x € [0,1] : [f{x)| = 1/n}, then it is clear that every S, is
countable. Since S = U;>, S, we know that S is countable.

4.64 Give an example of a function f, defined and strictly increasing on a set S in R,
such that /! is not continuous on £{S).

Solution: Let
xifx € [0,1),
Sx) = .
1ifx = 2.

Then it is clear that fis strictly increasing on [0, 1], so f'has the incerse function

gy xifx € [0,1),
S { 2ifx = 1.

which is not continuous on f{S) = [0,1].
Remark: Compare with Exercise 4.65.

4.65 Let f'be strictly increasing on a subset S of R. Assume that the image f{.S) has one
of the following properties: (a) f{S) is open; (b) fS) is connected; (c) f(S) is closed. Prove
that f must be continuous on S.

Proof: (a) Given a € §, then f(a) € f(S). Given ¢ > 0, we wan to find a 6 > 0 such
that asx € B(a;6) NS, we have |[f(x) — fla)| < €. Since f(S) is open, then there exists
B(fla),e') < f(S), where &' < &.

Claim that there exists a 6 > 0 such that f{B(a;6) N S) < B(f(a),&'). Choose
y1 = fla) —€'/2and y, = fla) + €'/2, then y; = f{x;) and y, = f(x;), we have
X1 < a < X, since fis strictly increasing on S. Hence, for x € (x;,x2) N S, we have
flx1) < flx) < flxy) since fis strictly increasing on S. So, f{x) € B(f{a),&’). Let
0 = min(a — x1,x, —a), then B(a;0) NS = (a—0,a+6) NS < (x1,x2) NS which implis
that f(B(a;6) N S) < B(fla),&'). (€ B(f(a),&))

Hence we have prove the claim, and the claim tells us that f'is continuous at a. Since a
is arbitrary, we know that f'is continuous on S.



(b) Note that since f{S) < R, and f{(S) is connected, we know that f{(.S) is an interval /.
Given a € S, then fla) € 1. We discuss 2 cases as follows. (1) f{a) is an interior point of /.
(2) fla) 1s the endpoint of /.

For case (1), it is similar to (a). We omit the proof.

For case (2), it is similar to (a). We omit the proof.

So, we have proved that f'is continuous on S.

(c) Given a € S, then fla) € f(S). Since f(S) is closed, we consider two cases. (1) f(a)
is an isolated point and (2) f{a) is an accumulation point.

For case (1), claim that a is an isolated point. Suppose NOT, there is a sequence
{x»} < Swithx, - a. Consider {x,}  , = {x : x» < a} U{x : x, > a}, and thus we
may assume that {x : x, < a} = {a,} is a infinite subset of {x,} . Since f'is
monotonic, we have lim,-«f(x,) = fla —). Since f{S) is closed, we have fa —) € f(S).
Therefore, there exists b € f(S) such that fla —) = f(b) < fla).

Iff(b) = fla), then b = a since fis strictly increasing. But is contradicts to that f{a) is
isolated. On the other hand, if f{b) < f(a), then b < a since fis strictly increasing. In
addition, fla,) < fla —) = f(b) implies that a, < b. But is contradicts to that a, - a.

Hence, we have proved that a is an isolated point. So, f'is sutomatically continuous at
a.

For case (2), suppose that f{a) is an accumulation point. Then B(f(a); &) N A(S) # ¢ and
B(f(a); €) has infinite many numbers of points in f{S). Choose y;, y» € B(f(a);&) NAS)
with y; < y,, then f{x;) = y1, and f{x,) = y,. And thus it is similar to (a), we omit the
proof.

So, we have proved that f'is continuous on S by (1) and (2).

Remark: In (b), when we say fis monotonic on a subset of R, its image is also in R.
Supplement.

It should be noted that the discontinuities of a monotonic function need not be isolated.
In fact, given any countable subset £ of (a,b), which may even be dense, we can
construct a function f, monotonic on (a,b), discontinuous at every point of £, and at
no other point of (a,b). To show this, let the points of £ be arranged in a sequence {x, },
n=1,2,...Let {c,} be a sequence of positive numbers such that ) _ ¢, converges. Define

fx) =D enla<x<b)
Xn<x

Note: The summation is to be understood as follows: Sum over those indices # for whcih
Xn» < x. If there are no points x, to the left of x, the sum is empty; following the usual
convention, we define it to be zero. Since absolute convergence, the order in which the
terms are arranged is immaterial.

Then f{x) is desired.

The proof that we omit; the reader should see the book, Principles of Mathematical
Analysis written by Walter Rudin, pp 97.

Metric space and fixed points

4.66 Let B(S) denote the set of all real-valued functions which are defined and
bounded on a nonempty set S. If f € B(S), let

Al = Sung(X)l-
The number ||f]| is called the " sup norm "of f.



(a) Provet that the formula d(f,g) = ||f— g|| defines a metric d on B(S).

Proof: We prove that d is a metric on B(S) as follows.
(D) Ifd(f,g) =0, ie., |f—gll = supses/fix) —g(x)| =0 > |fix) — g(x)| forallx € S.
So, we have f = gon S.
(2)Iff= gonS, then [f(x) —g(x)| = 0 forallx € S. Thatis, ||f—g| = 0 = d(f,g2).
(3) Given f,g € B(S), then
d(f.g) = |-zl

igglﬂx) —g(x)|

ilelglg(x) = fx)|

= llg -/l
= d(g./).
(4) Given f,g,h € B(S), then since

fx) = g(x)| < [ftx) = h(x)| + |h(x) — g(x)],
we have

)~ g1 < (suplft) = o)1) + (suplh(o) - g1 )

< lf=nl+lnr-gl
which implies that

If-gll = Suglf(X) —g()| < f Al +1A-gl.
So, we have prove that d is a metric on B(S).

(b) Prove that the metric space (B(S),d) is complete. Hint: If {f,} is a Cauchy

sequence in B(S), show that {f,(x)} is a Cauchy sequence of real numbers for each x in S.

Proof: Let {f,} be a Cauchy sequence on (B(S),d), That is, given € > 0, there is a
positive integer N such that as m,n > N, we have

d,g) = fo —full = leelsplﬁz(x) — fu@)] < &.

So, for every point x € S, the sequence {f,(x)}(S R) is a Cauchy sequence. Hence, the
sequence {f,(x)} is a convergent sequence, say its limit f{x). It is clear that the function
f(x) is well-defined. Let ¢ = 1 in (*), then there is a positive integer N such that as

m,n > N, we have

fr(x) —fu(x)| < 1, forallx € S.
Letm —» oo, and n = N, we have by (**)
[fv(x) —=flx)] < 1, forallx € §
which implies that
)| < 1+ |fv(x)], forallx € S.
Since |[fy(x)| € B(S), say its bound M, and thus we have
fx)| < 1+M, forallx € S

which implies that f{x) is bounded. That is, f{x) € (B(S),d). Hence, we have proved that
(B(S),d) is a complete metric space.

Remark: 1. We do not require that S is bounded.

2. The boundedness of a function f cannot be remove since sup norm of f'is finite.

3k



3. The sup norm of £, often appears and is important; the reader should keep it in mind.

And we will encounter it when we discuss on sequences of functions. Also, see Exercise
4.67.

4. Here is an important theorem, the reader can see the definition of uniform
convergence in the text book, page 221.

4.67 Refer to Exercise 4.66 and let C (S) denote the subset of B(S) consisting of all
funtions continuous and bounded on S, where now S is a metric space.

(a) Prove that C(S) is a closed subset of B(S).

Proof: Let f'be an adherent point of C(S), then B(f;r) N C(S) # ¢ for all » > 0. So,
there exists a sequence {f,(x)} such that f, > fasn - . So, given &' > 0, there is a
positive integer N such that as n > N, we have

Athif) = W =1 = suplfs) ~f0)] < &'
So, we have

fnvx) —flx)| < . forall x € S.
Given s € S, and note that fy(x) € C(S), so for this &', there exists a 6 > 0 such that as
x—s] <9, x,s € §, we have
[fiv(x) = fin(s)| < €.
We now prove that fis continuous at s as follows. Given ¢ > 0, and let ¢’ = &/3, then there
isa o > Osuch thatas [x —s| < J, x,s € S, we have

[fx) = fAs)| = [fx) =fv()] + [fv(x) = ()] + [fv(s) = fs)]
< &/3 + ¢€/3 + €/3 by (*) and (**)
= €.
Hence, we know that f'is continuous at s, and since s is arbitrary, we know that f'is
continuous on S.

(b) Prove that the metric subspace C(S) is complete.

Proof: By (a), we know that C(S) is complete since a closed subset of a complete
metric space is complete.

Remark: 1. In (b), we can see Exercise 4.9.

2. The reader should see the text book in Charpter 9, and note that Theorem 9.2 and
Theorem 9.3.

4.68 Refer to the proof of the fixed points theorem (Theorem 4.48) for notation.

(a) Prove that d(p,p,) < d(x,f(x))a"/(1 —a).
Proof: The statement is that a contraction f'of a complete metric space S has a unique
fixed point p. Take any point x € S, and consider the sequence of iterates:

x, flx), f(f(x)),...

That is, define a sequence {p,} inductively as follows:

Po =X, ppe1 = flpn)n =0,1,2,...
We will prove that {p,} converges to a fixed point of /. First we show that {p,} is a
Cauchy sequence. Since f'is a contraction (d(f(x),f(y)) < ad(x,y), 0 < a < 1 for all
x,y € S), we have

d@ui,pn) = d(f(pn).fPr-1)) < ad(pn.pu-1),



s0, by induction, we find

dpni1,pn) < a"d(p1,po) = a"d(x,f(x)).
Use the triangel inequality we find, for m > n,

m—1
d(pm,pn) < Z d(pkﬂ ,pk)
k=n

m—1
< d(x.flx) ) at
k=n

— a’” — g™
- d(x,f(x)) 1 -«
an
< d(x,f(x)) T—q
Since a” —» 0 as n - o, we know that {p, } is a Cauchy sequence. And since S is
complete, we have p, - p € S. The uniqueness is from the inequality,

d(f(x).f¥)) < ad(x,y).

From (*), we know that (let m — o)
d(p,pn) < d(x,f(x)) loi"a .

This inequality, which is useful in numberical work, provides an estimate for the
distance from p, to the fixed point p. An example is given in (b)

(b) Take f{x) = %(x +2/x), S = [1,+). Prove that f'is contraction of S with
contraction constant & = 1/2 and fixed point p = /2. Form the sequence {p,} starting wth
X = po = 1 and show that |p, — /2 | < 2.

Proof: First, f{x) —f(y) = 3 (x +2/x) = + (v +2/y) = L[(x —y) + 2(5-)], then we

have
[e-n+2(55) ]|

c-n(1-4))
< %|x—y] since |1—%| <1

[fx) = )| =

3
-1

So, f'is a contraction of S with contraction constant @ = 1/2. By Fixed Point Theorem, we
know that there is a unique p such that f(p) = p. That is,

%(p+ %) =p=>p= J2. (- J2 is not our choice since S = [1,+0).)
By (a), it is easy to know that

pn—ﬁ|S27”

Remark: Here is a modefied Fixed Point Theorem: Let f be function defined on a
complete metric space S. If there exists a N such that d(f¥(x) — fN(y)) < ad(x,y) for all
x,y € S, where 0 < o < 1. Then fhas a unique fixed point p € S.

Proof: Since /" is a contraction defined on a complete metric space, with the
contraction constant @, with 0 < a < 1, by Fixed Point Theorem, we know that there
exists a unique point p € S, such that



M) =p
= () = fp)
= () = fp).
That is, f{(p) is also a fixed point of fV. By uniqueness, we know that f{p) = p. In addition,
if there is p' € S such that f(p') = p'. Then we have

) =/p")=p,..../N(p') =..= p'. Hence, we have p = p'. That is, f'has a unique
fixed point p € S.

4.69 Show by counterexample that the fixed-point theorem for contractions need not
hold if either (a) the underlying metric space is not complete, or (b) the contraction
constant ¢ > 1.

Solution: (a) Let ' = %(1 +x) :(0,1) = R, then |[f(x) —f(y)| = %\x—y|. So, fis a
contraction on (0, 1). However, it has no any fixed point since if it has, say this point p, we
get+(1+p)=p=>p=1¢ (0,1).

(b) Letf'= (1 +x) : [0,1] - R, then |f{x) — f{y)| = |x —»|. So, fis a contraction with
the contraction constant 1. However, it has no any fixed point since if it has, say this point
p, wegetl+p=p=1=0, acontradiction.

4.770 Let f 8 - Sbe a function from a complete metric space (5,d) into itself.
Assume there is a real sequence {a,} which converges to 0 such that

d(f"(x),/"(v)) < a,d(x,y) foralln > 1 and all x,y in S, where /" is the nth iterate of f; that
is,
S1(x) = fx), fri(x) = fif" (x)) forn > 1.
Prove that f'has a unique point. Hint. Apply the fixed point theorem to f for a suitable m.
Proof: Since a, » 0, given ¢ = 1/2, then there is a positive integer N such that as
n > N, we have
la,| < 1/2.
Note that a, > 0 for all n. Hence, we have

AN (), () < %d(x, y) for x,y in S.

That is, fN(x) is a contraction defined on a complete metric space, with the contraction
constant 1/2. By Fixed Point Theorem, we know that there exists a unique point p € S,
such that

M) =p
= iV (p)) = fp)
= N(fp)) = fp).

That is, f(p) is also a fixed point of /V. By uniqueness, we know that f{p) = p. In addition,
if there is p' € Ssuch that f(p') = p'. Then we have

) =/p")=p,..../Np') =..= p'. Hence, we have p = p'. That is, f'has a unique
fixed point p € S.

4.71 vLet f S - Sbe a function from a metric space (5, d) into itself such that
d(fx),fy)) < d(x,y)

where x # y.
(a) Prove that f'has at most one fixed point, and give an example of such an f with no
fixed point.



Proof: If p and p' are fixed points of f where p + p’, then by hypothesis, we have
d(p,p") = d(fp).f(p")) < d(p.p")

which is absurb. So, fhas at most one fixed point.
Letf: (0,1/2) - (0,1/2) by f{x) = x2. Then we have
[fGe) =fW)l = 2 =32 = [k +ylx =y < e =yl
However, f'has no fixed point since if it had, say its fixed point p, then
pP=p=>p=1¢(0,12)orp=0 ¢ (0,1/2).
(b) If S is compact, prove that f'has exactly one fixed point. Hint. Show that
g(x) = d(x,f(x)) attains its minimum on S.

Proof: Let g = d(x,f(x)), and thus show that g is continuous on a compact set S as
follows. Since

d(x,fx)) = d(x,y) +d(y.y)) + d(f(y).fx))
< dx,y) +d./(y)) +d(x,y)
= 2d(x,y) +d(.fy))
= d(x,f(x)) —d(y.f(y)) < 2d(x,y)
and change the roles of x, and y, we have
d(y.fy)) — d(x,fx)) < 2d(x,y)
Hence, by (*) and (**), we have

ig(x) —g()| = |d(x,f(x)) —d(y.f(¥))| < 2d(x,y) forall x,y € S.
Given € > 0, there exists a 0 = &/2 such that as d(x,y) < 9, x,y € S, we have

g(x) —g()| < 2d(x,y) < & by (**¥).
So, we have proved that g is uniformly continuous on S.
So, consider min,esg(x) = g(p), p € S. We show that g(p) = 0 = d(p,f(p)). Suppose
NOT, i.e., f{(p) + p. Consider

d(f*(p).fw)) < d(fp).p) = &)
which contradicts to g(p) is the absolute maximum. Hence, g(p) = 0 & p = f(p). That is,
fhas a unique fixed point in S by (a).
(c)Give an example with S compact in which f'is not a contraction.

Solution: Let S = [0,1/2], and f = x> : S - S. Then we have
2 =y =k +ylx =yl < -yl
So, this f'is not contraction.

Remark: 1. In (b), the Choice of g is natural, since we want to get a fixed point. That
is, f{x) = x. Hence, we consider the function g = d(x,f{(x)).

2. Here is a exercise that makes us know more about Remark 1. Let /: [0,1] - [0, 1]
be a continuous function, show that there is a point p such that f(p) = p.

Proof: Consider g(x) = f(x) — x, then g is a continuous function defined on [0, 1].
Assume that there is no point p such that g(p) = 0, that is, no such p so that f{(p) = p. So,
by Intermediate Value Theorem, we know that g(x) > 0 forall x € [0,1], or g(x) < 0
for all x € [0, 1]. Without loss of generality, suppose that g(x) > 0 for all x € [0, 1] which
is absurb since g(1) = f{1) — 1 < 0. Hence, we know that there is a point p such that
Ap) = p.
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3. Here is another proof on (b).

Proof: Given any point x € S, and thus consider {f*(x)} < S. Then there is a
convergent subsequence {/"®(x)}, say its limit p, since S is compact. Consider

o o} o)
=d (}{1}2 S0 (x)], }{1}2 VAR (x)) by continuity of fat p
= Limd (P91 (x), 10 (x))

and

d(f O+ (x), P (x)) <...< d(P[ED )] AFED(0)]).
Note that
limd(P [0 @) LA D))

= d(Jim AU A )
— d(ﬁ[}(iﬂrgfh(kfl)(x) },][kirgﬂ(kfl)(x) :D by continuity of /> and f'at p
= d(f*(p)./1p)).

So, by (1)-(3), we know that
fp.fp)) < d(f*(p).fp)) = p = fp)
by hypothesis
d(f(x),fy)) < d(x,y)
where x # y. Hence, f has a unique fixed point p by (a) in Exercise.
Note. 1. If x, - x, and y, —» y, then d(x,,y,) - d(x,y). That s,
limd(ri,ya) = d(limxlimy. ).
Proof: Consider
d(xn,yn) < d(xn,x) +d(x,y) +d(,y,) and
d(x,y) < d(x,xn) +d(xXn,yn) +d(yn,y),
then
ld(xn,yn) — d(x,p)| < dx,xn) +d(y,yn) = 0.
So, we have prove it.

2. The reader should compare the method with Exercise 4.72.

4.72 Assume that f'satisfies the condition in Exercise 4.71. If x € S, let py = x,
Pnst = flpn), and ¢, = d(py,pus1) forn > 0.

(a) Prove that {c, } is a decreasing sequence, and let ¢ = limc,.

Proof: Consider
Cnt1 — Cn = AdPur1,Pns2) — dPn,Pui1)
= d(fpn):f 1)) — dPn,pni1)
< d@n,pnr1) —dPn,pui1)
=0,
so {cx} is a decreasing sequence. And {c,} has a lower bound 0, by Completeness of R,
we know that {c,} is a convergent sequence, say ¢ = limc,.



(b) Assume there is a subsequence {py(,); which converges to a point g in S. Prove that

c = d(q.fq)) = dfg).N1f(9)]).
Deduce that g is a fixed point of fand that p,, - g¢.

Proof: Since limy«pyn) = ¢, and limy..c, = ¢, we have limy-« ¢4,y = ¢. So, we
consider
¢ = limey)

= lim d(pk(n),pk(n)+1 )

n—>0

= imd(Pi), /i)
= d(¢.q))
and
dPiin>Prny+1) < dPiey-1:Pkm) == dPr1))oS* Prr1)))s
we have

¢ = d(q./1q)) < Uimd(f{piu-1)):/* Pr-1))) = d(fg).1*(q)).
So, by (*) and hypoethesis
d(f(x),f(y)) < d(x,y)
where x # y, we know that ¢ = f(q) (3 ¢ = 0, in fact, this ¢ is a unique fixed point.).
In order to show that p, - p, we consider (let m > k(n))

dpm,q) = dpm.f1q)) < dPm-1,9) <..< dPrx),9)

So, given ¢ > 0, there exists a positive integer N such that as n > N, we have

dPiwy»q) < €.
Hence, as m > k(N), we have

d(pm.q) < &.
That is, p, - p.



