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I Introduction

This document presents some materials that are not included in the paper. In Section
we show experiments of using a subset of data for calculating the gradient. In Sec-
tion we discuss some variants of the proposed method. Section [[V| gives details of
applying our method to maximum entropy.

II Using a Subset of Data for Calculating the Gradient

We mentioned in Section [I]that Byrd et al|[2011]] consider using a subset R so that
1
Vi)~ > Vé(wiai, ).

Byrd et al. [2011]] conducted experiments by using R = {1, ..., [}, so only the Hessian
is approximated by a subset of data. We follow the same setting in the paper. One reason
of not subsampling points for gradient evaluation is that in the line search procedure we
still need to access the whole set for computing the function value.

Here we compare the following two settings:

1. Method 2: the proposed method in the paper; see Section[6.1]

2. Method 2-sg: the method is the same as Method 2 except that data are subsampled
for calculating the gradient. For example, Method 2-sg-1/2-CG10 is that we only
use a subset R with | R| = 50%! to derive the gradient.

Note that a subset S;, of Ry, is further selected for the Hessian Calculation. The com-
parison results on logistic regression are in Figure Clearly, Method 2-sg is much
slower. Our results indicate that because one pass of data can yield both function and
gradient values, there may be no need to subsample points for the gradient calculation.
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Figure I1.1: Experiments on approaches with/without using a subset for gradient calcu-
lation. Logistic regression is considered. We present running time (in seconds) versus
the relative difference to the optimal function value. Both z-axis and y-axis are log-
scaled. Left: |Sk|/l = 5%. Right: S|/l = 1%.
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II Some Variants of the Proposed Method

In Section [II.1} we discuss the selection of dy,. In Section [[11.2] we investigate the use
of non-negative 3; and [, for calculating the direction 3;dy + [2dj in our proposed
method. Experimental comparisons are in Section [I11.

III.1 Selection of d;,

An important issue for Method 2 is how to select an appropriate dy,. The choice of dj,
affects the convergence speed. In the paper, we use dy, = di_1, k > 1. Here we try
another setting

d, = =V f(wy,).

III.2 Using Non-Negative (5, and [

The coefficients $; and (3, of solving (13)) may be negative. It is interesting to check if
imposing non-negativity can lead to a better direction. Therefore, we replace with
the following optimization problem.

rniﬁn %(51611@ + Body) " Hy(Brdy, + Body) + V f (wi) " (Brdi + Badi)

B1,B2

subjectto 1 >0, By > 0. (II1.1)

Although (TI3) has a closed-form solution, (III.T)) does not. We derive a solution proce-
dure by checking its optimality condition. Let

a = dngdk, b= C_iZdek, C = C_lekC_lk,
e = —Vf(wk)Tdk, f= —Vf(’wk)TC_ik-

Problem (III. 1) can be rewritten as

1 a bl |5 b1
min o A 5] {b c] [ﬁg] e /] [52
subjectto 1 > 0, By > 0. (IIL.2)
We show that if B B
then
a>0,c¢>0, and ac — b* > 0. (I11.4)

The first two inequalities hold because Hj is positive definite. For the third inequality,
we have Cholesky factorization of Hy,

H,=LL",
where L is lower triangular and invertible. Then

ac — " = ||Ldy|[*|| Ldy||* — ((Ldy)" (Ldy))* > 0
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by Cauchy inequality and the assumption d;, # d;,. We check if the three conditions in
can be easily fulfilled. Because wy, is not an optimal solution yet, V f(wy) # 0
and so is dy, from the CG procedure of using V f (wy,) at the first step. The direction d,
can be easily chosen so that the other two conditions hold.

The KKT optimality condition of is that there are A\; and ), such that

a bl |B el |\
R
AB1 =0, A, =0,
fr1 >0, B2>0, Ay =20, Ay > 0.

We consider the following three situations

ec—bf >0, af —be >0 (I11.5)
bf —ce>0, f>0 (I1L6)
be —af >0,e>0 (IIL.7)
e If (III.5]) holds,
ec—bf af —be
= = AN =0, My =
b P 5o e M 0, A2=0

satisfy the KKT condition.

o If (II1.6) holds,
b
=0 =L ==
c c
satisfy the KKT condition.
o If ([II.7) holds,
e be
bi==P=0, =0 Ao=——Ff
a a
satisfy the KKT condition.

The following theorem shows that for all remaining situations, (51, f2) = (0,0) is
an optimal solution.

Theorem 1. If none of (IL3)), (IIL6), (TIL7) holds, then
pr=05=0

is optimal for (I1.1J).
Proof. We show that if none of ([IL.3)), (IIL.6)), (ITI.7) holds, then

f<Oande <0. (IL.8)

Then
61207 /82207 )‘1:_67 )\QZ_f
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satisfy the KKT condition.
If none of (II1.3)), (II1.6)), (TI1.7)) holds, then we have

(ec—bf <Ooraf —be <0), and
(bf —ce <0or f<0), and (I11.9)
(be —af <0Oore<0).

We argue that the above condition implies ([IL.8)). Otherwise, if does not hold,
we have

f>0o0re>0. (II1.10)
Consider the first situation where
f>0.
Then (II1.9) implies
bf —ce <0,
af —be <0,
e < 0.
From ([11.4]),
b<§<0andb<ﬂ<0
f e
lead to
b’ > ac,

which is a contradiction to (I1I.4). The situation for
e>0

is similar. Therefore, holds and the proof is complete. O

II1.3 Experiments

We compare the following three methods in Figures and respectively for lo-
gistic regression and 12-loss SVM.

1. Method 2: the method proposed in the paper.

2. Method 2-g: the same as Method 2 except using dj, = —V f (wy,).

3. Method 2-con: the same as Method 2 except using non-negative 3; and fs.
We have the following observations.

1. Method 2-g is slower than Method 2. We have mentioned in the paper that the
superiority of d;, = dj,_; may be because it comes from solving a sub-problem of
using some second-order information. Further, —V f(wy,), like dj., uses information
of the current iteration while additional information from another subset of data is
employed to find dj,_;.



2. Method 2-con is slightly slower than Method 2. Although (3; or 55 by Method 2 may
be negative and cause some difficulties to interpret what the direction (31 d, + Bgc_lk 18,
they lead to the smallest second-order approximation of the function-value reduction.
This property may explain Method 2’s faster convergence.

IV Details of Applying the Proposed Method to Maxi-
mum Entropy

For maximum entropy, the optimization problem is

! k
n:li)n f(w), where f(w) = %wT'w + % Z(log(z exp(wlx;)) — wng)
i=1 =1

Let

po_ exp(w!z;)
Tl exp(wle)
The gradient of f(w) is
VfHw)
Viw)=1 |,
VfH(w)

where
Vi (w) =w, + — ZP”:E% Z x;) € ™.
i:yi:t
Because f(w) is twice continuously differentiable, the Hessian matrix of f(w) can be
derived.

e Case 1: Whent = s,

l Tax,xT T \ope. T
V2 f ()" = L + 92 cp(wizzal _ (epwfz)e) (e,
l T\ 2o exp(wiT;) (> exp(wlx;))?
l
C
= lyxn + T Z((P”wz)wf _ (Pi,twi>(Pi,swi)T) c R

=1

where [,,,, 1s an identity matrix.

e Case 2: When t # s,

O —(exp(w!lx;)x;) (exp(wlax;)x;)T
2 ts _ t s
\V4 f<w> I ; (Zf 1exp(’w mz))Q
I
= O (P (P’ € B

1

7
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Therefore, the Hessian-vector product is

(Hv)! vy
Hv = : , where v =
(Hv)* Vg
and
o k
(Hv)t = v, + 7 Z(B,t(vfmz Z P, Cvfacl))mz
i=1 =1

For the convergence analysis, we represent V2 f(w) in a form similar to (29) for
logistic regression.

C _ _
V2f(w) = Tynxin + TXT(D - E)X, AV.11)
where
X 0 0
X — 0 X -0 c Rkixkn
0 0 0 X
DY 0 --- 0 EY ... ... E
2 21 22 2k
p=|% 7% O apo [B 8 T B o
0 0 o DF EMpR L g
(IV.12)

In (IV.12)), D? is a diagonal matrix with
DZSZ - Pi,m
and E* is also a diagonal matrix with
Eff = PP,

Using (IV.11)) we will prove Theorem |If for the convergence. The only difference
from that for logistic regression is on the boundedness of || Hs, || and || V2 f(w)||. From
(TVTT) and the fact that |D%,| < 1and |E¥| < 1,Vi=1,...,1, ||V*f(w)]| is bounded
by

2 Cor o
IVEf(w)ll < 1+ (XD = EJlI1X]]
(G- _
< 1+ —[[(XTAIDI + 11 = EIDIXI
C _ _
<1+-0+ VEL(| X1 X1
For ||Hg, ||, it is easy to have that

1 < ||Hg, || < [IV2f(wy)]].



V Details of Hessian-free Approaches for Neural Net-
works

The idea of calculating the Hessian-vector product is to define the following R-operator
for any function of € and then repeatedly apply the chain rule as follows:
0 — f(0
Rolf} _ iy J0 Fev) — f(6)
€

e—0

Then
Vf(O+ev)—V[f(O)

€

For convenience, we replace R,, with R. To use (V.13)), we first obtain V f by the
following operations. Let x and z denote the ™ and 2" vectors of the mth layer,

Hyv = lir% =R.{V[f} (V.13)

respectively. Further, we denote w;j, © = 1,...,n,, 7 = 1,...,n,y_1 as elements of
the weight matrix W™ and let z be the vector z™~'. Assume Of/0z;, i = 1,...,np
are available. From (33), we have

0f _ 0 i

c%i 822 7

of  of _

6wij 8:62 77

af Nm af

8Zj n ; w” 8LUZ .

This backward process can be computed from the last to the first layer. In the end the
collection of Vi f, ..., Ve fis V().
To obtain Hjv, we apply the R-operator to the above terms and obtain

0 9, 0
R{g-} =o' e)RGE} + Sho" )Rz}
0 0 0
Rizl}=5R{SL} + R{z 5L

0 o 19) %)
n{a—gj} =Y iR{5E} + vyph)

where v;; is an element of the vector v in (V.13)). It corresponds to w;;, so R(w;;) = v;.
We see that R{x;} and R{Z;} are also needed. They are not computed in the backward
process. Instead, we can pre-calculate them in the following forward process.

Nm—1 Nm—1

Rizi} =R{ Z wiiZit = Y (wiR{Z} + %)

j=1

R{z} = R{o(x;)} = R{z;}o'(x;).
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