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Abstract— Additional processingelements are often adopted
in the current designsof embeddedsystems.Such con�gurations
impose further challengesin the energy-ef�cient systemdesigns.
This paper targets energy-ef�cient real-time task scheduling of
suchpopular con�gurations, in which systemsare equippedwith
a DVS processorand a non-DVS processingelement (PE). We
consider task scheduling under differ ent power consumption
models of the non-DVS PE. When the power consumption of
the non-DVS PE is independent on the assignedworkload, a
fully polynomial-time approximation scheme is developed for
energy-ef�cient scheduling. When the energy consumption of
the non-DVS PE depends on the assigned utilization, a 0:5-
approximation algorithm is developed to maximize the energy
saving, compared to the executionsof tasks on a DVS processor.
Extensive experimentswere performed to evaluate the capability
of our proposedalgorithms. The resultsshow that our proposed
algorithms are very effective in energy-ef�ciency.

1. Intr oduction

In thepastdecade,energy-ef�ciency hasbecomean impor-
tantdesignissuein a wide rangeof computersystems,suchas
servers,PDA's, and phones.The pursuingof energy-ef�cient
designscould not only extendthe operatingtime of a mobile
device but also save energy bills of computersystems.With
the advancedtechnologyof VLSI circuit designs,a processor
could now often operateat differentsupplyvoltages,andthat
leadsto differentprocessorspeedsand frequencies.Dynamic
voltage scaling (DVS) is one of the most populardirections
in energy-ef�cient designsand has been widely adoptedin
many computingsystems,suchas thosebasedon Transmeta
Crusoe[1], Intel Xeon [21] and Mobile AMD DuronTM [20].
Technologies,suchasLongRunTM, Intel SpeedStepR
 andAMD
PowerNow!TM, are introduced to provide dynamic voltage
scalingfor laptopsto prolong the batterylifetime.

Thereis alwaysa tradeoff betweenperformanceandenergy
consumption.It hasbeena dilemmain satisfyingperformance
requirementsof application systemsand in cutting down
the energy consumption.In the pastdecade,energy-ef�cient
scheduling for real-time tasks on DVS systemshas been
widely explored by many researchers,suchas [4,5,7,14,15,
17,26]. In particular, researchesin [4,5,17] considerenergy-
ef�cient schedulingof periodicreal-timetasks,andmany ex-
ploredenergy-ef�cient schedulingof aperiodicreal-timetasks,
e.g., [7,14,15,26]. While many existing researchesfocused
on uniprocessorenergy-ef�cient scheduling,multiprocessor

platformsor platformswith co-processingelementshave be-
come more and more popular in the industry. Computation-
demandingpartsof a systemare often realizedby hardware
componentsin termsof processingelements,suchasa digital
signalprocessor(DSP)or chips for discretecosinetransform
(DCT) or fast Fourier transform(FFT). In suchan approach,
the performanceand cost is improved, and better energy
ef�ciency is achieved.

This paper investigatesenergy-ef�cient schedulingof pe-
riodic real-time tasks in a heterogeneoussystemcomposed
of two processingelements(PEs). One is a processorwith
the DVS capability, denotedby DVS PE, while the other is
a PE without the DVS capability, denotedby non-DVS PE.
Hence,the problemconsideredin this papercan be modeled
as a heterogeneousmultiprocessorenergy-ef�cient schedul-
ing problem. Although energy-ef�cient schedulinghas been
explored widely in uniprocessorsystemsand homogeneous
multiprocessorsystems[3,6,8,9,12,13,18,23,25,28,29], to
thebestof our knowledge,only few researchresultshave been
known for heterogeneoussystemsfor real-timetasks,e.g.,[16,
22,27]. Yu andPrasanna[27] consideredthe minimizationof
energy consumptionfor systemswith heterogeneousmultipro-
cessorsystems.The proposedalgorithm in [27] is basedon
the Integral Linear Programming(ILP) without guaranteeson
the schedulabilityof the derived solution. Luo and Jha [16]
proposedlist-scheduling-basedheuristicsfor theschedulingof
real-timetaskswith precedenceconstraintsin heterogeneous
distributed systems,while genetic list-schedulingalgorithms
were developed in [22]. However, most of the previous
researchesfor energy-ef�cient schedulingin heterogeneous
multiprocessorsystemsdo not have guaranteeson the energy
consumptionor the feasibility of the derived solution. This
paperprovidessolutionswith worst-caseguarantees.

We considertwo typesof energy consumptionfor the non-
DVS PE. If the energy consumptionof the non-DVS PE
dependson the workload it has, it is called a workload-
dependentPE, otherwise,it is calleda workload-independent
PE. The DVS PE consideredin this papermight be able to
operateat any speedin a rangeor at somediscretespeeds
only. As a result, there are four conditions to be studied,
dependingon the energy consumptionproperty of the non-
DVS PE and the settingof the available speedsof the DVS
PE.Sincethederivationof a feasiblesolutionis N P-complete
for multiprocessorscheduling,we focusour studyon thecase,
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in which executing all the taskson the DVS PE is feasible
and the role of the non-DVS PE is a helper to reducethe
workloadon the DVS PE andthe energy consumptionof the
system.We studythe minimizationof energy consumptionor
the maximizationof energy saving comparedto the solution
to executeall the taskson the DVS PE, without violating the
timing constraintsof thereal-timetasks.Ourmaincontribution
is that we proposeseveral algorithmsthat areenergy-ef�cient
or energy-saving. Algorithms with a 0:5-approximationratio
aredevelopedin termsof the maximizationof energy saving.
When the DVS PE is with continuousavailable speeds,we
proposea 8-approximationalgorithmanda fully polynomial-
time approximation scheme(FPTAS) in terms of energy
consumptionminimization, if the non-DVS PE is workload-
independent.Performanceevaluationsshow that our proposed
algorithmsderive goodsolutionsin termsof energy consump-
tion andenergy saving.

The rest of this paper is organized as follows. Section
2 de�nes systemmodels and the problems.Section 3 and
Section4 presentschedulingalgorithmsfor different system
settings.Thesimulationresultsfor performanceevaluationare
shown in Section5. Section6 concludesthis paper.

2. SystemModels
This sectionshows the processormodels,taskmodels,and

power/energy consumptionmodelsof theproblemsconsidered
in this paper.

A. ProcessorModels

The power consumptionof a PE is a convex function of
the executionspeeds, which is de�ned as P(s) = Cef V 2

dds,
wheres = � (Vdd � Vth )2

Vdd
. Cef ; Vdd ; Vth and� denotetheswitch

capacitance,the working voltage, the thresholdvoltage,and
a positive hardware-speci�cconstant.The switch capacitance
is the energy consumedby a charging of gatesin a CMOS
processor. Thethresholdvoltageis thelowestvoltagelevel that
supportsthe functionality of the PE.The switchingoverheads
of time andenergy areassumedto be negligible, the sameas
thoseassumptionsin [4,7,17,26,30]. For a PE, the amount
of cycles executedover an interval (t1; t2] is

Rt 2

t 1
s(t)dt and

the energy consumptionis
Rt 2

t 1
P(s(t))dt, where s(t) is the

executionspeedat time t. The power consumptionfunction
of the processorspeeds on the DVS PE is denotedby
P1(s), whereP1(s) and P1(s)=s are both convex functions.
The leakagepower consumptionis assumedconstantduring
the executions.Since the variation of executionspeedsdoes
not affect the energy consumptionresultedfrom the leakage
current, we do not take the effect of the leakageenergy
consumptionin our analysis.

In this study, we consider two types of DVS PEs: (1)
PEs with continuousspectrumof the available speedsbe-
tweenthe upper-boundedspeedSmax andthe lower-bounded
speed Smin , and (2) PEs with M distinct speeds, i.e.,
(S1; S2; : : : ; SM ), whereS1 < S2 < � � � < SM . For brevity,
we also denoteS1 by Smin and SM by Smax . Moreover, the
former type of PEs is denotedby the ideal DVS PEswhile

the latter type is denotedby non-idealDVS PEs.Any speed
demandlower than Smin must be served at speedSmin . For
brevity, let P1(s) be P1(Smin ) if s � Smin .

B. TaskModels

Thetargetthroughoutthispaperareperiodicreal-timetasks,
which areindependentin execution,that is, thereis no prece-
denceconstraint.A periodic task denotesan in�nite number
of sequentialtaskinstances,or jobs,which is characterizedby
its initial arrival time ai and its period pi for a task � i . The
relative deadlineof � i equalsto its period,so the arrival time
andabsolutedeadlineof j -th job of � i is ai + (j � 1) � pi and
ai + j �pi respectively. Theworkloadis measuredin worst-case
executioncycles.The worst-caseexecutioncycles for task � i

on the DVS PE is ci . Let T be the set of n periodic real-
time tasks.For a speci�c tasksetT with integral periods,the
hyper-period L is the least commonmultiple (LCM) of the
periodsof all tasksin T .

C. ExecutionBehavioron the non-DVSPE

Thenon-DVS PEoperatesat a constantspeed.If theenergy
consumptionof the non-DVS PE dependson the workload it
has,it is calledworkload-dependentPE, otherwise,it is called
workload-independentPE. A PE is workload-independentif
thereis no power managementon the PE, suchas a standby
networking device or anFPGAthatcannot bepartially turned
off. An active-on-demandnetworking device and an FPGA
with thecapabilityof partially turningoff uncon�guredframes
could be examplesfor the workload-dependentnon-DVS PE.
For a task � i , the task must be executedeither on the DVS
PE or the non-DVS PE sincetasksmight have very different
executionplan or instructionsin the two PEs.

Let ui be the execution requirementof task � i on the
non-DVS PE. If the non-DVS PE is an FPGA, we assume
the 1D FPGA model. For each task � i con�gured on the
FPGA, the con�gured frames for � i operatein the whole
period to complete the computationof a job of � i , which
is the sameas [19]. In such a case,ui is the percentage
of areathat task � i occupiesduring its execution,and P2 is
the power consumptionwhen the whole area is con�gured.
For example,Figure(1) illustratesa feasibletaskpartition for
T = f � 1; � 2; � 3; � 4; � 5g de�ned in Table(I). In sucha partition
in Figure(1), 65%FPGAareais con�guredfor f � 1; � 2; � 3; � 4g,
and � 5 is executedon the DVS PE. If the non-DVS PE is a
networking device or a sequential-executiondevice, ui is the
utilization of task � i on the PE, in which the utilization of a
task is de�ned as its executiontime divided by its period.

For a workload-independentPE,theenergy consumptionof
the PE in the hyper-period L is a constantregardlessof the
tasksassignedon the PE. That is, the energy consumption
of the non-DVS workload-independentPE is P2 � L , where
P2 is the power consumptionof the non-DVS PE. For a
workload-dependentPE, the energy consumptionof the PE
in the hyper-period dependson the tasks assignedonto it.
Throughoutthis paper, we considerthe case,in which the
energy consumptionof the workload-dependentnon-DVS PE
in the hyper-period is proportionalto the utilization of tasks
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� 1 � 2 � 3 � 4 � 5
c i
p i

3:5
10

2
10

2
10

1
10

1:5
10

u i
1

10
1:5
10

2
10

2
10

3
10

TABLE I

AN EXAMPLE FOR TASK PARAMETERS

� 1 � 2 � 3 � 4
uncon�gured1

10
1:5
10

2
10

2
10 � 5

1:5
10

Smax

1D FPGA DVS PE

Figure.1. An illustrative examplefor 1D FPGA Model

assignedonto it. That is, the energy consumptionin such a
caseis (P2 � L )U2, where U2 is the total utilization of the
tasksassignedonto it. For example,if the non-DVS PE is an
FPGA, the power consumptionis proportionalto the areaof
the con�gured frames,andhence,the energy consumptionof
theFPGAin thehyper-periodis proportionalto theutilization
of arearequiredto con�gure for the tasksassignedonto it.
For example,theenergy consumptionof the tasksassignedon
the FPGA in the hyper-period in Figure (1) is 0:65P2 � L if
the FPGA is a workdload-dependentPE and is P2 � L if the
FPGA is a workload-independentPE.

D. ProblemDe�nitions and HardnessAnalysis

Wepursueenergy-ef�cient schedulingof thesystemwithout
violating timing constraints.Two objectives are considered:
(1) the minimization of the energy consumption,and (2) the
maximizationof the energy saving comparedto the schedule
which executesall the taskson the DVS PE without any help
of the non-DVS PE. Obviously, the maximizationof energy
saving is the complementof the minimizationof energy con-
sumption.If optimal solutionscan be obtained,the schedule
that maximizesthe energy saving also minimizesthe energy
consumption.However, we will show that all the problems
consideredin thispaperareN P-hard.Hence,polynomial-time
approximationalgorithmsare pursuedin this paper. We will
explore theminimizationof theenergy consumptionwhenthe
non-DVS PE is workload-independent,and the maximization
of the energy saving when the non-DVS PE is workload-
dependent.It is clear that our proposedalgorithms for the
maximization of energy saving can also be applied for the
minizationof energy consumption.Wewill provideworst-case
guaranteesin the maximization of energy saving when the
non-DVS PE is workload-dependentvia theoreticalanalysis
and show the effectivenessof the proposedalgorithmsin the
minimization of energy consumption.The samestrategy for
treatingenergy saving in worst-caseanalysiswasalsoshown
in [17].

For brevity, we denote the minimization of energy con-
sumptionfor systemswith an ideal DVS PE anda workload-
independentnon-DVS PE as Energy-Minimization on An
Ideal Processorand A Workload-IndependentPE (EMII )

problem.Similarly, the maximizationof energy consumption
for systemswith an ideal DVS PE anda workload-dependent
non-DVS PE is denoted by Energy-Saving on An Ideal
Processorand A Workload-DependentPE (ESID) problem.
WhentheDVS PEis with discretespeedsonly, theabove two
problemsaredenotedby EMDI problemandESDD problem.

A taskpartition is a partition of T into two disjoint subsets
T 1 and T 2. A schedule of T consistsof a task partition
andan assignmentof the availableprocessorspeedsfor each
correspondingtask execution,wherethe job arrivals of each
task satisfy its timing constraint.A scheduleis feasible if
no job missesits deadline and the total utilization of the
tasksassignedon the non-DVS PE is no more than 100%.
A schedule is optimal for the EMII and EMDI (ESID
and ESDD, respectively) problems,if it is feasible,and its
energy consumptionis the minimum (its energy saving is the
maximum,respectively) amongall feasibleschedules.

The following lemmaprovided by Aydin et al. [5] shows
the speedassignmentthat minimizesthe energy consumption
in thehyper-periodof thesetT 1 of tasksassignedon theDVS
PE.

Lemma1 (Aydin et al. [5]): For a set T 1 of tasks to be
executedon the DVS PE, the optimal speedto minimize the
total energy consumptionon the DVS PE while meetingall
the deadlinesof tasks in T 1 is a constantwhich is equal
to maxf

P
� i 2 T 1

ci
pi

; Smin g. Moreover, when usedalong with
this speed,any periodichardreal-timepolicy which canfully
utilize the DVS PE (e.g.,EarliestDeadlineFirst, LeastLaxity
First) canbe usedto obtaina feasibleschedule.

Supposethat the workload of a task set T 1 is de�ned asP
� i 2 T 1

ci
pi

. Hence, for two different task sets assignedto
executeon theDVS PE,choosingthe tasksetwith the lighter
workload has smaller energy consumptionon the DVS PE.
Basedon the observation,we now show that all the problems
consideredin this paperareN P-hard.

Theorem1: EMII, ESID, EMDI, and ESDD problemsare
all N P-hard.

Proof: The N P-hardnessis shown by presentinga
reduction from the SubsetSum problem [10], in which we
aregiven a setI of n integersf � 1; � 2; : : : ; � n g andan integer
K . The SubsetSum problemis to derive whetherthere is a
subsetof I whosesum is equal to K . We now show how
to reducethe SubsetSumproblemto the EMII problem.The
reductionsfor theESID, EMDI, andESDDproblemsarevery
similar. For anintegerin thegivensetof integersof theSubset
Sum problem, we createa task � i with ci = � i , pi = K ,
and ui = � i

K . The power consumptionfunction P1(s)=s of
the DVS PE is an arbitrary strictly convex and increasing
function with P1((

P n
i =1

ci
pi

) � 1) > P2, whereP2 is setasa
constantthat is smaller. The set of taskscreatedby a subset
I 0 of I is denotedby T I 0. If there is a subsetI 0 of I with
sum equal to K , we know that assigningall the tasks in
T I 0 on the non-DVS PE and all the tasks in T I nI 0 on the
DVS PE leads to a feasible solution of the EMII problem
with energy consumption(P1((

P n
i =1

ci
pi

) � 1) + P2)K in the
hyper-period K basedon Lemma (1). If there is a feasible
solution for the EMII problemwhich assignsall the tasksin
a subsetT I 0 of T on the non-DVS PE and all the tasksin
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T I nI 0 on the DVS PE with energy consumptionno morethan
(P1((

P n
i =1

ci
pi

) � 1) + P2)K in the hyper-periodK , we know
that the sumof integersin I 0 is equalto K sinceP1(s) is an
increasingfunctionandP1((

P n
i =1

ci
pi

) � 1) > P2. As a result,
we know that the EMII problemis N P-hard.

The following theoremshows that if the workload of the
input tasksetT is greaterthanthemaximumspeedSmax , de-
riving a taskpartitionof T withoutviolating timing constraints
is N P-complete.

Theorem2: If
P

� i 2 T
ci
pi

> Smax , deriving a feasible
schedulefor T is N P-complete.

Proof: The proof is similar to that in Theorem(1) by
settingSmax as (

P n
i =1

ci
pi

) � 1.
We considersystemsthatexecutingall the tasksin T could

meet timing constraints,and the role of the non-DVS PE
is to help increasethe performanceor reduce the energy
consumption.For the rest of this paper, task setsT s under
considerationssatisfy the condition

P
� i 2 T

ci
pi

� Smax .
Due to the N P-hardnessof thesestudied problems,we

focus the study on approximation algorithms with worst-
caseguaranteeson the minimization of energy consumption
or the maximization of energy saving. Based on [24], a
polynomial-time� -approximationalgorithm for the EMII or
EMDI (ESID or ESDD, respectively) problemmust have a
polynomial-timecomplexity of theinput sizeandcouldderive
a feasibleschedulewith the energy consumptionat most (the
energy saving at least, respectively) � times of an optimal
solution, for any input instance,in which � is also referred
to as the approximation ratio (bound) of the approximation
algorithm.

3. Ideal DVS PEs

This section explores systemswith ideal DVS PEs by
proposingapproximationalgorithmsfor the EMII andESID
problems.

A. Workload-IndependentNon-DVSPEs

This subsectionconsidersthe EMII problem, in which
the non-DVS PE is workload-independent.Since the energy
consumptionof the non-DVS PE is a constantin the hyper-
periodandtheenergy consumptionof theDVS PEdependson
theworkloadof theassignedtaskset,the taskpartitionwhich
minimizes the workload on the DVS PE without violating
the utilization constraintof tasks on the non-DVS PE also
minimizestheenergy consumption.Let x i bea binaryvariable
which denoteswhethertask � i in T is selectedto executeon
the DVS PE or not. That is, x i is 1 if task � i is assignedon
the DVS PE; otherwise,x i is 0. The optimal solution of the
following integer linear programmingcan be transformedto
derive an optimal schedulefor the EMII problem.

minimize
P

� i 2 T
ci
pi

� x i

subjectto
P

� i 2 T ui � (1 � x i ) � 1; and
x i 2 f 0; 1g ; 8� i 2 T :

(1)

By rephrasingthe inequality in the constraintspeci�cation of
Equation(1), we canreformulatethe problemas

minimize
P

� i 2 T
ci
pi

� x i

subjectto
P

� i 2 T ui � x i �
P

� i 2 T ui � 1; and
x i 2 f 0; 1g ; 8� i 2 T :

(2)

However, the optimizationproblemshown in Equation(2)
is still N P-hard. We now show how to derive a feasible
schedulefor the EMII problem with worst-caseguarantees
on the minimizationof energy consumptionbasedon solving
Equation(2) approximately.

By the formulation in Equation (2), if a task has high
computationaldemandon the DVS PE but low utilization on
thenon-DVS PE,it shouldbea goodcandidateto beassigned
on the non-DVS PE to reducethe workloadof tasksassigned
on the DVS PE. According to the simple observation, the
optimization formulation in Equation(2) might be achieved
by the following procedure,which is alsoadoptedin [19] for
taskpartitioningbetweena CPU andan FPGA: (1) sort tasks
non-decreasinglyaccordingto u i

ci =pi
, (2) startingfrom the �rst

task � i in the sortedorder iteratively with the initialization
of T 2 as an empty set, if ui +

P
� j 2 T 2

uj � 1, � i is
insertedinto T 2, and then (3) assignall the tasksin T 2 on
the non-DVS PE and all the tasks in T n T 2 on the DVS
PE. The above procedureis denotedby Algorithm GREEDY.
Algorithm GREEDY soundsreasonablewith O(n logn) time
complexity, but its performancein theminimizationof energy
consumptionis not very good in many cases.Considerthe
following casein which T 2 consistsof several taskswhen
Algorithm GREEDY determinestheassignmentof last task� n

in the sortedorder with un +
P

� j 2 T 2
uj > 1. If 1 � un �P

� j 2 T 2
uj � 0 with cn

pn
�

P
� j 2 T 2

cj

pj
, we know that assign

� n to the non-DVS PE and T n f � n g on the DVS PE has
muchlessenergy consumptionthanthe taskpartition derived
by Algorithm GREEDY

Thefollowing enhancedgreedyalgorithm,denotedby Algo-
rithm E-GREEDY, canbeusedto solve theoptimizationprob-
lem in Equation(2) with worst-caseguarantees:(1) sort tasks
non-decreasinglyaccordingto ci =pi

u i
andlabel tasksaccording

to thesortedorder(� 1; � 2; : : : ; � n ) with theinitialization of T 1

asT andT 0 asT , whereT 0 is usedfor temporarilyrecording
thecandidatetasks,(2) repeat�nding thesmallestindex k with

X

� i 2 T 0 and i � k

ui �
X

� i 2 T

ui � 1;

until
P

� i 2 T 0 ui <
P

� i 2 T ui � 1, where T 1 is updatedto
f � i j � i 2 T 0 and i � kg if

P
� i 2 T 0 and i � k

ci
pi

�
P

� i 2 T 1

ci
pi

,
andthen� k is evicted from T 0, and(3) assignall the tasksin
T 1 on theDVS PEandall thetasksin T nT 1 on thenon-DVS
PE. Algorithm E-GREEDY is also illustratedin Algorithm 1.
The time complexity is O(n logn) dominatedby the sorting
of tasks,where the running time overheadincurred by the
summationof utilization or workload in Algorithm 1 can be
improved by introducingsomeother temporaryvariables.

Theorem3: Theworkloadassignedon theDVS PEfor any
feasibletaskpartition is at least0:5 timesof that for the task
partition derived from Algorithm E-GREEDY.
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Algorithm 1 : E-GREEDY

Input: T ;
Output: A partition of T into T 1 ; T 2 with

P
� i 2 T 2

ui � 1;
1: sort tasksnon-decreasinglyaccordingto c i =p i

u i
and label tasks

accordingto the sortedorder (� 1 ; � 2 ; : : : ; � n );
2: T 1  T , T 0  T ;
3: while

P
� i 2 T 0 ui �

P
� i 2 T ui � 1 do

4: �nd thesmallestk with
P

� i 2 T 0 and i � k ui �
P

� i 2 T ui � 1;
5: if

P
� i 2 T 0 and i � k

c i
p i

�
P

� i 2 T 1

c i
p i

then
6: T 1  f � i j � i 2 T 0 and i � kg;
7: T 0 n f � k g;
8: return taskpartition (T 1 ; T n T 1);

Proof: The formulation in Equation(2) is equivalent to
the minimum Knapsackproblem, in which we are given a
knapsackand a set of items, by setting the capacityof the
knapsackas

P
� i 2 T ui � 1, the weight of task � i as ui , and

the cost of task � i as ci
pi

. The minimum Knapsackproblem
is to selectitems so that the total cost of the selecteditems
is minimizesand the total weight of the selecteditems is no
lessthanthecapacityof theknapsack.It is shown in [11] that
Algorithm E-GREEDY is a 2-approximationalgorithmfor the
minimum Knapsackproblem.As a result, we know that the
statementof this theoremholds.

For notational brevity, let T E
1 and T E

2 be the resulting
taskpartition T 1 andT 2 by applyingAlgorithm E-GREEDY.
Basedon Theoream3, Lemma(1), and the de�nition of the
power consumptionfunctionof theDVS PE,we know thatthe
minimum energy consumptionto executeall the tasksin T E

1
on theDVS PEis at most23 timesof theenergy consumption
of any feasiblescheduleof T .

For the rest of this subsection,we develop an approxima-
tion algorithm that can trade the approximationratio to the
runningtime. Formally, thedevelopedalgorithmhasa (1+ � )-
approximationratio for a user-speci�ed positive parameter�
with polynomial-timecomplexity by treating � as the input,
which is referredto asa fully polynomial-timeapproximation
scheme(FPTAS) in [24].

The basicidea is to scaleup the workloadof tasksso that
we only have to constructa dynamicprogrammingtablewith
a polynomialsize.Supposethat C is the workloadof tasksin
T E

1 , i.e., C =
P

� i 2 T E
1

ci
pi

. Let K be the roundingfactor in
which K = �C

2n with any user-speci�ed positive parameter� .
For eachtask� i , the rounded-upexecutioncycleĉi is de�ned
asd ci

pi K e� pi � K . Basedon the roundingtechnique,we know
that ĉi

pi
is a multiple of roundingfactorK for any task� i . The

rounded-upworkload of a task set T 1 assignedon the DVS
PE is de�ned as

P
� i 2 T 1

ĉi
pi

.

We now show how to derive a feasibletaskpartitionso that
the total rounded-upexecutionworkloadof the tasksassigned
on theDVS PE is minimized.First, we ordertasksin T in an
arbitraryorder. Supposethat U(i; j ) is the maximumvalueof
the summationof utilization of tasksin T 1, i.e.,

P
� ` 2 T 1

u` ,
amongany partition of task set f � 1; � 2; : : : ; � i g into T 1 and
T 2 with total rounded-upworkloadof T 1 no morethanj � K .
For brevity, let U(i; j ) be �1 if j < 0. The initial condition

Algorithm 2 : DP
Input: T ; � ; //� > 0
Output: A partition of T into T D

1 ; T D
2 with

P
� i 2 T D

2
ui � 1;

1: apply Algorithm E-GREEDY to derive task set T G
1 assignedon

the DVS PE with C  
P

� i 2 T G
1

c i
p i

;
2: K  �C

2n ;
3: ĉi  d c i

p i K e � pi � K ; 8� i 2 T ;
4: j  0;
5: while true do
6: for (i  1; i � n; i  i + 1) do
7: calculateU(i; j ) accordingto Equations(3) or (4);
8: if (U(n; j ) �

P
� i 2 T ui � 1) then

9: break;
10: j  j + 1;
11: j �  j ;
12: backtrackthe dynamic programmingtable to derive the subset

T D
1 of taskswith

P
� i 2 T D

1
ui = U(n; j � ) and

P
� i 2 T D

1

ĉ i
p i

=
j � � K ;

13: return the taskpartition (T D
1 ; T n T D

1 );

of U(1; j ) for j � 0 hastwo cases:

U(1; j ) =
�

0 if j < ĉ1
p1 K

u1 otherwise:
(3)

By thede�nition of Ui;j , we know thatthefollowing recursive
relationholds,dependingon whether� i is selectedor not, for
any i � 2 and j � 0:

U(i; j ) = max
�

U(i � 1; j );
U(i � 1; j � ĉi

pi K ) + ui :

�
(4)

By applying Equation(3) and Equation(4), we can apply
the dynamic programmingtechniqueto �nd the minimum
j � with U(n; j � ) �

P
� i 2 T ui � 1, and then backtrackthe

dynamic programmingtable from U(n; j � ) to derive a task
partition of T into T D

1 and T D
2 . The dynamicprogramming

procedureis illustrated in Algorithm 2 and denotedby Al-
gorithm DP. Since

P
� i 2 T D

1
ui = U(n; j ) �

P
� i 2 T ui � 1,

we know that
P

� i 2 T D
2

ui � 1. The resulting task partition
is hencefeasible.The optimality of the taskpartition derived
from Algorithm DP is shown in the following lemma.

Lemma2: Supposethe taskpartitionof T into T �
1 andT �

2
minimizesthe total workloadin T �

1 with
P

� i 2 T �
2

ui � 1. The
workloadof T D

1 derived from Algorithm DP is at most1+ �
timesthat of T �

1.
Proof: SinceT D

1 is optimal in the minimization of the
total rounded-upworkloadon the DVS PE, we know that

X

� i 2 T D
1

ĉi

pi
�

X

� i 2 T �
1

ĉi

pi
:

By the de�nition of ĉi , ci
pi

+ K � ĉi
pi

. With ci � ĉi , we have

X

� i 2 T D
1

ci

pi
�

X

� i 2 T D
1

ĉi

pi
�

X

� i 2 T �
1

ĉi

pi
�

X

� i 2 T �
1

ci

pi
+ nK :

By Theorem(3), C is at most twice of
P

� i 2 T �
1

ci
pi

. Since
K is �C

2n , nK is no more than �
P

� i 2 T �
1

ci
pi

. As a result,P
� i 2 T D

1

ci
pi

� (1 + � )
P

� i 2 T �
1

ci
pi

:
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Lemma3: The time complexity of Algorithm DP is
O(n2(1 + 1

� )) .
Proof: Clearly, thetime complexity to build thedynamic

programmingtable for the derivation of j � is O(nj � ). SinceP
� i 2 T D

1

ĉi
pi

= j � � K , and
P

� i 2 T D
1

ĉi
pi

�
P

� i 2 T �
1

ci
pi

+ nK in
Lemma2, we know that j � � K is at most C + nK . Hence,
the time complexity is O(n2(1 + 1

� )) .
We conclude this subsectionby showing the following

theorem.
Theorem4: By applying Algorithm DP to derived task

partition (T D
1 ; T D

2 ), the minimum energy consumptionto
executeall the tasksin T D

1 in the hyper-period on the DVS
PE and all the tasksin T D

2 is at most 1 + 7� times that of
optimalschedulesfor T in O(n2(1+ 1

� )) , in which 0 < � � 1.
Proof: Since the energy consumptionon the non-DVS

PEis invariantto thetasksassignedontoit in thehyper-period,
we only have to focuson theenergy consumptionon theDVS
PE. By the de�nition of the power consumptionfunction on
the DVS PE, Lemma(2), and Lemma(1), we know that the
energy consumptionof the derived scheduleon the DVS PE
in the hyper-period is at most (1 + � )3 times that of optimal
schedulesfor T . Since� � 1, we know that (1+ � )3 � 1+ 7� .
As a result,applyingAlgorithm DP for taskpartitioningis an
FPTAS for the EMII problem.

B. Workload-DependentNon-DVSPEs

This subsectionconsidersthe ESID problem,in which the
non-DVS PEis workload-dependent.Again, let x i bea binary
variable which denoteswhether task � i in T is selectedto
executeon the DVS PE or not. That is, x i is 1 if task � i is
assignedto the DVS PE; otherwise,x i is 0. The problemcan
beformulatedasan integer nonlinearprogramming(INLP) to
derive an optimal schedulefor the ESID problemasfollows:

maximize L
�

P1(
P

� i 2 T
c i
p i

) � P2(
P

� i 2 T ui � (1 � x i ))
� P1(

P
� i 2 T

c i
p i

x i )

�

subjectto
P

� i 2 T ui � (1 � x i ) � 1;
x i 2 f 0; 1g ; 8� i 2 T :

(5)
Although the formulationis similar to that in Equation(2),

the proposedalgorithms in Section 3-A are not applicable
becausea taskpartitionwith thelessworkloadon theDVS PE
might consumemoreenergy on the non-DVS PE. To exactly
solve Equation(5) is a N P-hard problem.However, we can
have a polynomial-timealgorithmto build an upper-boundby
relaxingthe integral constraintof x i 2 f 0; 1g so that x i could
be any real-numberbetween0 and 1, i.e., to be 0 � x i � 1.
A task � i is called fractional if 0 < x i < 1 which means
x i of workload of � i is assignedon the DVS PE and the
other1 � x i is on the non-DVS PE. The relaxationhelpsfor
the derivation of solutions with worst-caseguarantees.The
relaxed non-linearprogrammingproblem of Equation(5) is
as follows:

maximize L
�

P1(
P

� i 2 T
c i
p i

) � P2(
P

� i 2 T ui � (1 � x i ))
� P1(

P
� i 2 T

c i
p i

x i )

�

subjectto
P

� i 2 T ui � (1 � x i ) � 1;
0 � x i � 1 ; 8� i 2 T :

(6)

0 1
� 5 � 4 � 3 � 2 � 1

Utilization on the DVS PE

S
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E
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Figure.2. The SystemEnergy Consumptionover the Workloadof the DVS
PE

Algorithm 3 : R-GREEDY

Input: T ;
1: sort tasksnon-increasinglyaccordingto c i

p i � u i
andlabel themas

� 1 ; � 2 ; : : : ; � n ;
2: x i  1; 8� i 2 T ; U1  

P n
i =2

c i
p i

;
3: for (i  1; i � n and

P
� i 2 T ui � (1 � x i ) � 1; i  i + 1) do

4: Let x i be the value between 0 and 1 which minimizes
P1( c i

p i
x i + U1) + P2(1 � x i )ui ;

5: if (x i 6= 0) then
6: break;
7: else
8: U1  U1 � c i

p i
;

9: return(x1 ; x2 ; : : : ; xn );

Algorithm R-GREEDY, shown in Algorithm 3, canbe used
to solve an optimal solution for Equation(6). Initially, x i for
eachtask � i is set to 1, and tasksaresortednon-increasingly
accordingto ci

pi �u i
. After that, we decreasex i from 1 to 0 so

thatthemaximumenergy saving canbeachieved.Therunning
time is in O(n logn), providedthatStep4 in Algorithm 3 can
bedonein O(1). Theoccurrenceof a fractionaltaskis dueto
the shapeof the energy consumptionfunction of the system.
Moving workloadto thenon-DVS PEwill decreasetheenergy
consumptionof the DVS PE and increasethat of the non-
DVS PE. Therefore,there is a balanceto �nd the minimum
energy consumption.Let's seean example demonstratedin
Figure (2) using the task set de�ned in Table (I) which is in
the non-increasinglysortedorderaccordingto ci

pi �u i
. At �rst,

theutilization of theDVS PEis 1, thenaftermoving � 1 to the
non-DVS PE, the utilization decreasesto 8

10 and the system
energy consumptiondecreases,too. � 2, � 3 and � 4 are in the
samecondition,but whenit comesto � 5, theutilization moved
to the non-DVS to minimize the systemenergy consumption
is to move fractional � 5. We now show that Algorithm R-
GREEDY canderive optimal solutionsfor Equation(6).

Theorem5: Algorithm R-GREEDY derives an optimal so-
lution for the NLP problemin Equation(6).

Proof: Supposefor Equation (6) there is an optimal
solution (x �

1; x �
2; : : : ; x �

n ) for tasks sorted non-increasingly
accordingto ci

pi �u i
which maximizesthe objective value and

that derived from Algorithm R-GREEDY is (xR
1 ; xR

2 ; : : : ; xR
n ).

Comparethesetwo solutionsfrom the head,(1) if x �
i > xR

i ,
then increasethose x �

j s with j > i and x �
j < xR

j untilP
j � x �

j uj = (x �
i � xR

i )ui or no more x �
j can be increased.

Then make x �
i equal to xR

i . Modifying in this way, if it �ts
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Algorithm 4 : S-GREEDY

Input: T ;
Output: A partition of x i s with x i 2 f 0; 1g ; 8� i 2 T andP n

i ui (1 � x i ) � 1;
1: (xR

1 ; xR
2 ; : : : ; xR

n )  apply Algorithm R-GREEDY. But when it
encountersthe conditionx i 6= 0, insteadof break,continue;

2: (xA
1 ; xA

2 ; : : : ; xA
n )  only xA

i is set to 0 such that the task � i

saves most energy and is feasibleconsideringmoving only one
task to the non-DVS PE, othersareset to 1;

3: return the partition with higherobjective value in Equation(5);

the condition
P

j � x �
j uj = (x �

i � xR
i )ui , the utilization on

the non-DVS PE is the same but because ci
pi �u i

� cj

pj �u j
,

8j > i , the valueof
P n

k=1 x �
k

ck
pk

is decreasedor remainsthe
same.When it �ts the condition

P
j � x �

j uj < (x �
i � xR

i )ui ,
it meansthatx �

k � xR
k , 8k 6= i . By Algorithm R-GREEDY we

know x �
i canbe further reducedto xR

i without increasingthe
objective value.On theotherhand,(2) if x �

i < xR
i , we simply

increasex �
i to xR

i . This conditiononly occurswhenx �
k = xR

k ,
8k < i . By theconvex characteristicof thepowerconsumption
function,reducingx �

k , 8k > i will increasetheobjectivevalue,
thereforewe set x �

k  xR
k = 1, 8k > i . The bestvalue for

x �
i is xR

i by the algorithm.Finally solutions(x �
1; x �

2; : : : ; x �
n )

and(xR
1 ; xR

2 ; : : : ; xR
n ) will be thesameandthe transformation

doesnot increasethe objective value. Hence it is true that
Algorithm R-GREEDY derivesan optimal solution.

For the sortedsolution (xR
1 ; xR

2 ; : : : ; xR
n ) of Algorithm R-

GREEDY, if thereis a fractionaltaskdenotedby � � , thentasks
with index smallerthan� � areput in thesetT R

2 andtaskswith
index larger than � � areput in the setT R

1 . The energy saved
by moving only T R

2 to thenon-DVS PE is denotedby � 0 and
that by moving only � � is denotedby � 1. Furthertheoretical
analysesareprovided in Lemma(4). Lemma(4) investigates
the relationbetweenthe energy saving of an optimal partition
� opt and � 0 + � 1.

Lemma4: If � � shouldbe put on the non-DVS PE in the
optimal schedule,then the optimal saving � opt < � 0 + � 1.

Proof: If thereis no fractional taskthroughoutapplying
Algorithm R-GREEDY, then it is an optimal schedule;other-
wise a fractional task � � is split on two PEs. Since� � is on
thenon-DVS PE,� 1 is themostenergy it cansavebecausethe
later it moved,the lessenergy it cansave dueto theconvexity
of the power function.To seethe dominationof � 0, we move
only � � to the non-DVS PE. For the rest quotaof utilization
of the non-DVS PE, the most energy that can be saved is to
applyAlgorithm R-GREEDY. Obviously, tasksthatcanbeput
on the non-DVS PE are the subsetof T R

2 and the amountof
utilization movedis less.Hencethesaving exceptthatof � � is
lessthan � 0. We canconcludethat the saving of the optimal
schedule� opt < � 0 + � 1.

Basedon theoptimalsolutionof Equation(6), wenow show
how to deriveanapproximationalgorithmS-GREEDY in Algo-
rithm (4) basedon Algorithm R-GREEDY. First, the 6-th line
in Algorithm R-GREEDY is modi�ed to be CONTINUE. Then
apply the modi�ed Algorithm R-GREEDY to get a partition
(xR

1 ; xR
2 ; : : : ; xR

n ) which setsxk to 1 whenever 0 < xk < 1
in the procedure.Another feasiblepartition (xA

1 ; xA
2 ; : : : ; xA

n )
is acquiredfrom moving only onemostenergy-saving taskto

the non-DVS PE under feasibility constraints.Algorithm S-
GREEDY returnsthe betterone.Theorem(6) usesLemma(4)
to prove that Algorithm S-GREEDY saves at least half the
energy saving of an optimal partition.

Theorem6: By applying Algorithm S-GREEDY, a 0:5-
approximationpartition in energy saving is obtainedin time
complexity O(nl ogn).

Proof: First we apply Algorithm R-GREEDY. If task
� � is on the non-DVS PE in the optimal schedule,then the
optimal energy saving � opt < � 0 + � 1. (Refer to Lemma(4)
for detailedproof.) Another possibility is that task � � is on
the DVS PE in the optimal schedule,so we �x � � on the
DVS PE, andcontinuethe sameprocedurefor the rest tasks.
We denotethe indicesof fractional tasksappearedas the set
F = f f 1; f 2; : : : f qg.

Thereareat mostn + 1 combinations,that is, � f 1 belongs
to the non-DVS PE, and � f 1 belongsto the DVS PE and
� f 2 belongs to the non-DVS PE, and so on. The optimal
solution must �t one of them. Consideringtask � f 1, if it
belongsto the non-DVS PE in the optimal solution,thereis a
0:5-approximationschedulewhich selectsthe betterpartition
amongmoving � k 8k < f 1; k =2 F and moving � f 1. If it
shouldbe put on the DVS PE, then we can just �x it on the
DVS PE and repeatthe sameprocedurewithout modifying
�x ed tasks.Then consideringtask � f 2, the samecondition
holds when selectingthe better partition amongmoving � k

8k < f 2; k =2 F and moving � f 2. One possibility is that
all � k 8k 2 F belong to the DVS PE, then the resulting
scheduleis optimal. The savings of (xR

1 ; xR
2 ; : : : ; xR

n ) and
(xA

1 ; xA
2 ; : : : ; xA

n ) are no less than savings of � k 8k; r � q,
k < f r; k =2 F and � f r 9r � q, respectively. So no matter
which combination the optimal solution falls in, the more
saving betweenxR

i s andxA
i s is greaterthanor equalto � opt

2 .
Thesortingof Algorithm R-GREEDY takesO(nl ogn) time.

4. Non-Ideal DVS Processors
At present,a processorwith continuousspeedsis still an

ideal product,but a processorwith several discretespeedsis
on the market, like the Crusoeprocessor[1] andthe ARM7D
processor[2], So we slightly changethe model to target on
more realistic environment.Lemma (5) saysit can combine
two speedsto get the optimal schedule.We investigate the
schedulingof two different behaviors of the non-DVS PE in
the following subsections.

Lemma5: If a processorcan useonly a small numberof
discretevoltages,then the two voltageswhich minimize the
energy consumptionareimmediateneighborsto thevoltagein
the ideal model.Furthermore,supposethe ideal caseis to use
speedSideal for a period Tideal , and the neighboringspeeds
of Sideal are Shig h and Sl ow , then the optimal schedulein
discretesettingsis to executewith Shig h for Sideal � Slow

Shig h � Slow
�Tideal

andexecutewith Sl ow for Shig h � Sideal

Shig h � Slow
� Tideal .

Proof: Refer to [14].

A. Workload-IndependentNon-DVSPEs

From Lemma (5) we know that the optimal schedule
can be combinedfrom two neighboringspeedsif the ideal
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speedis not available. Solutions in subsection3-A is still
applicable.The only differenceis that the energy consumed
by Algorithm E-GREEDY is no longer less than octuple the
optimal energy consumptionbecauseof the discretespeed
constraint.Supposethe task set assignedon the DVS PE of
an optimal partition and the partition applying E-GREEDY

are T O
1 and T E

1 , and the speedassignmentsof the DVS PE
in the ideal setting are

P
� i 2 T O

1

ci
pi

and
P

� i 2 T E
1

ci
pi

. In the
discretesetting,themaximumratio betweenany two adjacent
speedsis denotedby � , and the energy consumptionsof the
DVS PE E D (T O

1 ) andE D (T E
1 ) have the following relation.

P1(
P

� i 2 T O
1

ci
pi

) � E D (T O
1 ) due to speedcombination in

Lemma (5). Because
P

� i 2 T E
1

ci
pi

� 2
P

� i 2 T O
1

ci
pi

by The-
orem (6), therefore in the discretesetting, E D (T E

1 ) is no
greaterthantheenergy consumptionof speedcombinationfor
2

P
� i 2 T O

1

ci
pi

, which is at mostP1(2�
P

� i 2 T O
1

ci
pi

). Therefore

E D (T E
1 )

E D (T O
1 ) �

P1 (2 �
P

� i 2 T O
1

c i
p i

)

P1 (
P

� i 2 T O
1

c i
p i

)
� (2� 3). The similar procedure

is appliedfor FPTAS, and the ratio is ((1 + � )� )3.
On the other hand, by applying the S-Greedy algorithm

modi�ed by replacingthe statementin R-Greedy ”Let x i be
the valuebetween0 and1 which minimizesP1( ci

pi
x i + U1) +

P2(1 � x i )ui ” by ”Let x i be thevaluebetween0 and1 which
minimizesP1( ci

pi
x i + U1) + P2”, a 0:5-approximationsaving

is obtained.

B. Workload-DependentNon-DVSPEs

Sincetheoptimalscheduleis combinedfrom two neighbor-
ing speedsif the ideal speedis not available, the decreasing
of the power when lowering the speedof the DVS PE is no
longer convex, but is linear betweenavailable speedsof the
DVS PE. ThereforeD-R-Greedy in Algorithm (5) is usedin
Algorithm S-Greedy insteadof Algorithm R-Greedy to get
the optimal solution if a task is allowed to be fractional. In
Algorithm D-R-Greedy, all tasksareinitially put on theDVS
PE,theniteratively �nd the immediatespeedlevelsShig h and
Sl ow to computeif moving tasksto thenon-DVS PEis energy-
ef�cient. Themovementof a taskin eachiterationis bounded
by Sl ow . The algorithmstopswhenthereis no energy saving
gainable.The 0:5-approximationpropertyof Lemma(4) and
Theorem(6) still holds.

Theorem7: D-S-Greedy, which is S-Greedy in Algo-
rithm (4) replacingAlgorithm R-Greedy with Algorithm D-
R-Greedyinside,is a 0:5-approximationO(nl ogn) algorithm
in a systemwhich hasonly a few levels of voltageavailable.

Proof: Refer to Theorem(6).

5. Performance Evaluations

This section provides performanceevaluationsof the al-
gorithms conductedfrom extensive simulations.Algorithms
under simulations are Algorithm GREEDY, Algorithm E-
GREEDY, Algorithm DP, Algorithm S-GREEDY, and their
revisionsfor DVS PEwith discretespeedsonly, denotedby Al-
gorithmD-GREEDY, Algorithm D-E-GREEDY, Algorithm D-
DP, andAlgorithm D-S-GREEDY accordingly.

Algorithm 5 : D-R-GREEDY

Input: T ; a setof speedsS of the DVS PE (S1 ; S2 ; : : : ; SM ).
1: sort tasksnonincreasinglyaccordingto c i

u i � u i
and label themas

� 1 ; � 2 ; : : : ; � n ;
2: x i  1; 8� i 2 T ; U1  

P
� i 2 T

c i
p i

; U2  0;
3: for (i  1; i � n andU2 < 1; ) do
4: Shig h  minf Si jSi � U1g;
5: Slow  maxf Si jSi � U1g;
6: B estP  0;
7: if (P2ui +

c i ( P1 ( S low ) � P1 ( Shig h ))
p i ( Shig h � S low ) < 0) then

8: B estP  minf x i ;
(1 � U2 )

u i
; ( U1 � S low ) p i

c i
g

9: B estU  maxf B estP � ui ; U1 � Smin g;
10: updateU1 , U2 and x i according to the utilization B estU

assignedto the non-DVS PE;
11: if (� i totally moved to the non-DVS PE) then
12: i  i + 1;
13: else
14: if (no moreenergy canbesavedor thenon-DVS PE is full)

then
15: break;
16: return(x1 ; x2 ; : : : ; xn );

A. EnvironmentSetup

All tasksarrive at time 0. The normalizedminimum and
maximumspeedsand � 1 of the DVS PE are 0:0, 1:0 and 3.
For the discretespeedsetting,5 levels are available, which
are f 0:0; 0:25; 0:5; 0:75; 1:0g. The speedof the non-DVS PE
Snon � D V S is randomin (0.0, 1.0]. Eachtaskarrives
 i times
in aprede�nedhyper-period,where
 i is anintegralvariablein
[1; 8]. pi = hy per � per iod


 i
. A hyper-periodof 8! is selectedfor

clarity. For a speci�ed total utilization U1 andU2 of a set of
n taskson theDVS PEandthenon-DVS PE,eachtask� i has
two independentweights� i 1 and� i 2; theworst-caseexecution
cyclesci on the DVS PE is derived from � i 1P n

j =1 � j 1
U1pi Smax

while theworst-caseexecutionrequirementui onthenon-DVS
PE is derived from � i 2P n

j =1 � j 2
U2. For eachsetting100 random

samplesaregenerated.
For clarity, if not mentionedexplicitly, some parameters

have default valuesas following. The numberof tasksis 20.
h1 and P2 are set to be 0:5 and 0:5S3

non � D V S . The total
utilization of the DVS PE U1 and the non-DVS PE U2 are
both 0:8 undermaximumspeed.

1) Coping with the workload-independentPE: In the �rst
experiment,the impact of the workload when tasksexecutes
on thenon-DVS PEis investigated.Thetotal utilization of the
non-DVS PE U2 varies from 1:0 to 3:0 steppedby 0:1. � is
set to be 1:0 suchthat G1 andDP areboth 2-approximation
algorithms.

The impacts of the values of � on calculation time and
performanceare investigated,too. The total utilization of the
non-DVS PE U2 is 2:4. � varies from 0:1 to 2:0 steppedby
0:1.

2) Coping with the workload-dependentPE: In the �rst
experiment,the impact of the workload when tasksexecutes
on thenon-DVS PEis investigated.Thetotal utilization of the
non-DVS PE U2 variesfrom 0:2 to 1:4 steppedby 0:2.

In the secondexperiment, the impact of the power con-
sumption function is shown, where h1 is �x ed at 0:5 and
P2 = kS3

non � D V S , where k varies from 0:1 to 1:0 stepped
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by 0:1.
In the third experiment,the size of tasksare considered.

The numberof tasksvariesfrom 5 to 30 steppedby 5.

B. ExperimentalResults

1) Coping with the workload-independentPE: In Fig-
ure (3), the more workload the non-DVS PE has, the more
workload must be put on the DVS PE, and the more energy
consumedby thesyetem.ALE AP andD � ALE AP produce
horrible energy-consumingsystems.G1 and DP are both 2-
approximationalgorithmswith � = 1:0, andin theexperimen-
tal result, DP is better than G1, but it takes longer time as
we canseein the following �gures. By applyingN I W DPA,
we canget solutionsbetterthanD � G1.

The relationship of running time over the precision are
demonstratedin Figure (4). The larger the � is, the less
the running time is, while the larger the error from optimal
solution is as in Figure (5).

2) Coping with the workload-dependentPE: As we can
see,the proposedalgorithm I W DPA and N I W DPA have
good performanceand is very close to the optimal solution.
Figure (6) and Figure (7) show the result of the �rst exper-
imemt. AM SAP is no doubt a bad solution. U2's growing
meanstasks will have more workload to do when moving
from the DVS PE to the non-DVS PE, so taskstend to be
allocatedon the DVS PE. Therefore,solutionsare closer to
the optimal solutionwhenU2 grows.

Figure (8) shows the impact of the power consumption
function. When tasks tend to consumemore energy on the
non-DVS PE, they tend to be allocatedon the DVS PE and
solutionsarecloserto the optima.

I W DPA andN I W DPA arecloserto OPT andD-OPT
in a small numberof tasks.With a lot of tasks,therearea lot
of combinationsandthe possibility to get closeto the optima
becomessmall.

6. Conclusion
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[5] H. Aydin, R. Melhem,D. Mosśe, and P. Mej�́a-Alvarez. Dynamic and
aggressive schedulingtechniquesfor power-awarereal-timesystems.In
Proceedingsof the 22nd IEEE Real-Time SystemsSymposium, pages
95–105,2001.

[6] H. Aydin and Q. Yang. Energy-aware partitioning for multiprocessor
real-time systems. In Proceedingsof 17th International Parallel and
DistributedProcessingSymposium(IPDPS), pages113 – 121, 2003.

[7] N. Bansal,T. Kimbrel, andK. Pruhs.Dynamicspeedscalingto manage
energy and temperature. In Proceedingsof the 2004 Symposiumon
Foundationsof ComputerScience, pages520–529,2004.

[8] J.-J.Chen,H.-R. Hsu, K.-H. Chuang,C.-L. Yang,A.-C. Pang,and T.-
W. Kuo. Multiprocessorenergy-ef�cient schedulingwith task migra-
tion considerations. In EuroMicro Conferenceon Real-Time Systems
(ECRTS'04), pages101–108,2004.

[9] J.-J.Chenand T.-W. Kuo. Multiprocessorenergy-ef�cient scheduling
for real-timetaskswith differentpower characteristics.In International
Conferenceon Parallel Processing(ICPP), pages13–20,2005.

[10] M. R. Garey andD. S. Johnson.Computers and intractability: A guide
to the theoryof NP-completeness. W. H. FreemanandCo., 1979.

[11] G. Gensand E. Levner. Computationalcomplexity of approximation
algorithms for combinatorial problems, Lecture Notes in Computer
Science. Springer, 1979.

[12] F. Gruian. System-level designmethodsfor low-energy architectures
containing variable voltage processors. In Power-Aware Computing
Systems, pages1–12,2000.

[13] F. Gruian and K. Kuchcinski. Lenes:Task schedulingfor low energy
systemsusingvariablesupplyvoltageprocessors.In Proceedingsof Asia
SouthPaci�c DesignAutomationConference, pages449–455,2001.

[14] T. Ishiharaand H. Yasuura. Voltageschedulingproblemsfor dynam-
ically variablevoltageprocessors.In Proceedingsof the International
Symposiumon Low Power Electronics and Design, pages197–202,
1998.

[15] W.-C. Kwon and T. Kim. Optimal voltage allocation techniquesfor
dynamically variable voltage processors. In Proceedingsof the 40th
DesignAutomationConference, pages125–130,2003.

[16] J. Luo and N. Jha. Static and dynamic variable voltage scheduling
algorithmsfor real-time heterogeneousdistributed embeddedsystems.
In Proceedingsof the 15th International Conferenceon VLSI Design
(VLSID'02), pages719–726.IEEE, 2002.

[17] P. Mej�́a-Alvarez,E. Levner, andD. Mosśe. Adaptive schedulingserver
for power-aware real-time tasks. ACM Transactionson Embedded
ComputingSystems, 3(2):284–306,2004.

[18] R. Mishra,N. Rastogi,D. Zhu,D. Mosśe,andR. Melhem.Energy aware
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