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Abstract— Additional processingelements are often adopted
in the current designsof embeddedsystems.Such con gurations
impose further challengesin the enemy-ef cient systemdesigns.
This paper targets enemgy-ef cient real-time task scheduling of
suchpopular con gurations, in which systemsare equippedwith
a DVS processorand a non-DVS processingelement (PE). We
consider task scheduling under different power consumption
models of the non-DVS PE. When the power consumption of
the non-DVS PE is independent on the assignedworkload, a
fully polynomial-time approximation schemeis developed for
enemgy-ef cient scheduling When the enemgy consumption of
the non-DVS PE depends on the assigned utilization, a 0:5-
approximation algorithm is developed to maximize the energy
saving, compared to the executionsof tasks on a DVS processor
Extensive experimentswere performed to evaluate the capability
of our proposedalgorithms. The results show that our proposed
algorithms are very effective in energy-ef ciency.

1. Intr oduction

In the pastdecadegnepgy-efciency hasbecomeanimpor
tantdesignissuein awide rangeof computersystemssuchas
seners, PDA's, and phones.The pursuingof enegy-efcient
designscould not only extendthe operatingtime of a mobile
device but also save enegy bills of computersystems With
the advancedtechnologyof VLSI circuit designsa processor
could now often operateat differentsupply voltages,andthat
leadsto different processospeedsand frequenciesDynamic
voltage scaling (DVS) is one of the most populardirections
in enegy-efcient designsand has beenwidely adoptedin
mary computingsystemssuchasthosebasedon Transmeta
Crusoe[1], Intel Xeon [21] and Mobile AMD Duron™ [20].
TechnologiessuchasLongRuri", Intel SpeedStep andAMD
PoverNow!™, are introduced to provide dynamic voltage
scalingfor laptopsto prolongthe batterylifetime.

Thereis alwaysa tradeof betweenperformanceandenegy
consumptionlt hasbeena dilemmain satisfyingperformance
requirementsof application systemsand in cutting down
the enegy consumption.n the pastdecade enegy-efcient
schedulingfor real-time tasks on DVS systemshas been
widely explored by mary researchersuchas|[4,5,7,14,15,
17,26]. In particular researche# [4,5,17] considerenegy-
efcient schedulingof periodicreal-timetasks,and mary ex-
ploredenepgy-efcient schedulingof aperiodicreal-timetasks,
e.g., [7,14,15,26]. While mary existing researchegocused
on uniprocessorenepgy-efcient scheduling, multiprocessor

platformsor platformswith co-processinglementshave be-

come more and more popularin the industry Computation-
demandingpartsof a systemare often realizedby hardware
componentsn termsof processingelementssuchasa digital

signal processoDSP) or chipsfor discretecosinetransform
(DCT) or fast Fourier transform(FFT). In suchan approach,
the performanceand cost is improved, and better enegy

ef ciency is achieved.

This paperinvesticates enegy-efcient schedulingof pe-
riodic real-time tasksin a heterogeneousystemcomposed
of two processingelements(PEs). One is a processorwith
the DVS capability denotedby DVS PE, while the otheris
a PE without the DVS capability denotedby non-DVS PE.
Hence,the problemconsideredn this papercan be modeled
as a heterogeneousnultiprocessorenegy-efcient schedul-
ing problem. Although enegy-efcient schedulinghas been
explored widely in uniprocessorsystemsand homogeneous
multiprocessorsystems[3, 6,8,9,12,13,18,23,25,28,29], to
the bestof our knowledge,only few researchresultshave been
known for heterogeneousystemdor real-timetasks.e.g.,[16,
22,27]. Yu and Prasanng27] consideredhe minimization of
enegy consumptiorfor systemswith heterogeneousiultipro-
cessorsystems.The proposedalgorithmin [27] is basedon
the Integral Linear Programming(ILP) without guaranteesn
the schedulabilityof the derived solution. Luo and Jha[16]
proposedist-scheduling-baseleuristicsfor the schedulingof
real-timetaskswith precedenceonstraintsin heterogeneous
distributed systems,while geneticlist-schedulingalgorithms
were developed in [22]. However, most of the previous
researchedor enepgy-efcient schedulingin heterogeneous
multiprocessosystemsdo not have guaranteesn the enegy
consumptionor the feasibility of the derived solution. This
paperprovides solutionswith worst-caseguarantees.

We considertwo typesof enegy consumptiorfor the non-
DVS PE. If the enegy consumptionof the non-DVS PE
dependson the workload it has, it is called a workload-
dependenPE, otherwise,it is called a workload-independent
PE. The DVS PE consideredn this papermight be able to
operateat ary speedin a rangeor at somediscretespeeds
only. As a result, there are four conditionsto be studied,
dependingon the enegy consumptionproperty of the non-
DVS PE and the setting of the available speedsof the DVS
PE.Sincethe derivationof afeasiblesolutionis N P -complete
for multiprocessoschedulingwe focusour studyon the case,



in which executingall the taskson the DVS PE is feasible
and the role of the non-DVS PE is a helperto reducethe
workload on the DVS PE andthe enegy consumptiorof the
system.We studythe minimization of enegy consumptioror
the maximizationof enegy saving comparedto the solution
to executeall the taskson the DVS PE, without violating the
timing constraintof thereal-timetasks.Our maincontritution
is that we proposeseveral algorithmsthat are enegy-efcient
or enepgy-saving. Algorithms with a 0:5-approximationratio
aredevelopedin termsof the maximizationof enegy saving.
When the DVS PE is with continuousavailable speedswe
proposea 8-approximationalgorithmanda fully polynomial-
time approximation scheme (FPTAS) in terms of enegy
consumptionminimization, if the non-DVS PE is workload-
independentPerformancevaluationsshowv that our proposed
algorithmsderive goodsolutionsin termsof enegy consump-
tion and enegy saving.

The rest of this paperis organized as follows. Section
2 de nes systemmodels and the problems. Section 3 and
Section4 presentschedulingalgorithmsfor different system
settings.The simulationresultsfor performancevaluationare
shawvn in Section5. Section6 concludeshis paper

2. SystemModels

This sectionshaws the processomodels,task models,and
power/enegy consumptiormodelsof the problemsconsidered
in this paper

A. ProcessorModels

The power consumptionof a PE is a corvex function of
the executionspeeds, which is de ned asP(s) = Ce Vs,

wheres = W Cer ;: Vaa: Vin and  denotethe switch
capacitancethe working voltage, the thresholdvoltage, and
a positive hardware-speci cconstant.The switch capacitance
is the enegy consumedby a chaging of gatesin a CMOS
processarThethresholdvoltageis the lowestvoltagelevel that
supportgthe functionality of the PE. The switchingoverheads
of time andenegy are assumedo be nggligible, the sameas
thoseassumptionsn [4,7,17,26,30]. For a Pgt, the amount
of cycles executedover an jntenal (tq;to] is . * s(t)dt and

ta
the enegy consumptionis ttf P (s(t))dt, where s(t) is the
execution speedat time t. The powver consumptionfunction
of the processorspeeds on the DVS PE is denotedby
P1(s), whereP1(s) and P1(s)=s are both corvex functions.
The leakagepower consumptionis assumecdconstantduring
the executions.Since the variation of executionspeedsdoes
not affect the enegy consumptionresultedfrom the leakage
current, we do not take the effect of the leakageenegy
consumptionin our analysis.

In this study we considertwo types of DVS PEs: (1)
PEs with continuousspectrumof the available speedsbe-
tweenthe upperboundedspeedS,,,x andthe lowerbounded
speed Snin, and (2) PEs with M distinct speeds,i.e.,
< Sy . For brevity,
we alsodenoteS; by Sqin andSy by Spax . Moreover, the
former type of PEsis denotedby the ideal DVS PEswhile

the latter type is denotedby non-idealDVS PEs.Any speed
demandlower than Sp,i, mustbe sened at speedSy,, . For
brevity, let P1(s) be P1(Smin) if S Smin -

B. Task Models

Thetargetthroughouthis paperareperiodicreal-timetasks,
which areindependenin execution,thatis, thereis no prece-
denceconstraint.A periodic task denotesan in nite number
of sequentiataskinstancespr jobs,which is characterizedby
its initial arrival time a andits periodp; for atask ;. The
relative deadlineof ; equalsto its period,so the arrival time
andabsolutedeadlineof j-thjob of ;isa + (j 1) p; and
ai+j p; respectiely. Theworkloadis measuredn worst-case
executioncycles. The worst-caseexecutioncyclesfor task
on the DVS PE is ¢;. Let T be the setof n periodic real-
time tasks.For a speci ¢ tasksetT with integral periods,the
hyperperiod L is the leastcommonmultiple (LCM) of the
periodsof all tasksin T .

C. ExecutionBehavioron the non-DVS PE

Thenon-DVS PE operatest a constanspeedlf theenegy
consumptionof the non-DVS PE dependson the workload it
has,it is calledworkload-dependerRE, otherwise|t is called
workload-independenPE. A PE is workload-independerif
thereis no powver managemenbn the PE, suchas a standby
networking device or an FPGAthatcannot be partially turned
off. An active-on-demanchetworking device and an FPGA
with the capabilityof partially turning off uncon guredframes
could be examplesfor the workload-dependemnton-DvVS PE.
For a task ;, the task must be executedeither on the DVS
PE or the non-DVS PE sincetasksmight have very different
executionplan or instructionsin the two PEs.

Let u; be the execution requirementof task ; on the
non-DVS PE. If the non-DVS PE is an FPGA, we assume
the 1D FPGA model. For eachtask ; con gured on the
FPGA, the con gured framesfor ; operatein the whole
period to completethe computationof a job of ;, which
is the sameas [19]. In such a case,u; is the percentage
of areathattask ; occupiesduring its execution,and P, is
the power consumptionwhen the whole areais con gured.
For example,Figure (1) illustratesa feasibletask partition for
T =1 1; 2; 3; 4, sgdenedin Table(l). In sucha partition
in Figure(1), 65%FPGAareais con guredfor f 1; 2; 3; 40,
and s is executedon the DVS PE. If the non-DVS PEis a
networking device or a sequential-gecutiondevice, u; is the
utilization of task ; on the PE, in which the utilization of a
taskis de ned asits executiontime divided by its period.

For aworkload-independerRE, the enegy consumptiorof
the PE in the hyperperiod L is a constantregardlessof the
tasks assignedon the PE. That is, the enegy consumption
of the non-DVS workload-independenPE is P, L, where
P, is the power consumptionof the non-DVS PE. For a
workload-dependenPE, the enegy consumptionof the PE
in the hyperperiod dependson the tasks assignedonto it.
Throughoutthis paper we considerthe case,in which the
enegy consumptiorof the workload-dependenton-DVS PE
in the hyperperiodis proportionalto the utilization of tasks
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Figure.1. An illustrative examplefor 1D FPGA Model

assignedonto it. Thatis, the enegy consumptionin sucha
caseis (P, L)U,, where U, is the total utilization of the
tasksassignedntoit. For example,if the non-DVS PEis an
FPGA, the power consumptionis proportionalto the areaof
the con gured frames,and hence the enegy consumptionof
the FPGAIn the hyperperiodis proportionalto the utilization
of arearequiredto con gure for the tasksassignedonto it.
For example,the enegy consumptiorof the tasksassignedn
the FPGA in the hyperperiodin Figure (1) is 0:65P, L if
the FPGA is a workdload-dependerRE andis P, L if the
FPGA is a workload-independerE.

D. ProblemDe nitions and HardnessAnalysis

We pursueenegy-efcient schedulingof the systemwithout
violating timing constraints.Two objectves are considered:
(1) the minimization of the enegy consumptionand (2) the
maximizationof the enegy saving comparedo the schedule
which executesall the taskson the DVS PE without any help
of the non-DVS PE. Oblviously, the maximizationof enegy
saving is the complemenbf the minimization of enegy con-
sumption.If optimal solutionscan be obtained,the schedule
that maximizesthe enegy saving also minimizesthe enegy
consumption.However, we will shav that all the problems
consideredn this paperareN P-hard.Hence polynomial-time
approximationalgorithmsare pursuedin this paper We will
explore the minimizationof the enegy consumptiorwhenthe
non-DVS PE is workload-independengnd the maximization
of the enegy saszing when the non-DVS PE is workload-
dependentlt is clear that our proposedalgorithmsfor the
maximization of enegy saving can also be applied for the
minizationof enegy consumptionWe will provide worst-case
guaranteesn the maximization of enegy saving when the
non-DVS PE is workload-dependentia theoreticalanalysis
and shawv the effectivenessof the proposedalgorithmsin the
minimization of enegy consumption.The samestratagy for
treatingenegy saving in worst-caseanalysiswas also shovn
in [17].

For brevity, we denotethe minimization of enegy con-
sumptionfor systemswith anideal DVS PE and a workload-
independentnon-DVS PE as Enegy-Minimization on An
Ideal Processorand A Workloadd ndependentPE (EMII )

problem.Similarly, the maximizationof enegy consumption
for systemswith anideal DVS PE and a workload-dependent
non-DVS PE is denoted by Enemgy-Saving on An ldeal
Processorand A WorkloadDependentPE (ESID) problem.
Whenthe DVS PEis with discretespeedsnly, the abore two
problemsaredenotecby EMDI problemandESDD problem.

A taskpartitionis a partition of T into two disjoint subsets
T, and T,. A scheduleof T consistsof a task partition
andan assignmenbf the available processospeeddor each
correspondingask execution,wherethe job arrivals of each
task satisfy its timing constraint. A scheduleis feasible if
no job missesits deadline and the total utilization of the
tasksassignedon the non-DVS PE is no more than 100%
A scheduleis optimal for the EMII and EMDI (ESID
and ESDD, respectiely) problems,if it is feasible,and its
enegy consumptions the minimum (its enegy saving is the
maximum,respectiely) amongall feasibleschedules.

The following lemmaprovided by Aydin et al. [5] showvs
the speedassignmenthat minimizesthe enegy consumption
in the hyperperiodof thesetT ; of tasksassignedntheDVS
PE.

Lemmal (Aydin et al. [5]): For a set T, of tasksto be
executedon the DVS PE, the optimal speedto minimize the
total enegy consumptionon the DVS PE while meetingall
the dea?ﬂlnesof tasksm T, is a constantwhich is equal
to maxf 2T, p. ; Smin . Moreover, when usedalong with
this speedary perlodlc hardreal-timepolicy which canfully
utilize the DVS PE (e.qg.,EarliestDeadlineFirst, LeastLaxity
First) canbe usedto obtaina feasibleschedule.

p Supposethat the workload of a tasksetT ; is de ned as

. Hence, for two different task sets assignedto
executeon the DVS PE, choosingthe task setwith the lighter
workload has smaller enegy consumptionon the DVS PE.
Basedon the obsenation, we now shaw thatall the problems
consideredn this paperareN P-hard.

Theoem1: EMII, ESID, EMDI, and ESDD problemsare
all N P-hard.

Proof: The N P-hardnessis shavn by presentinga
reductionfrom the SubsetSum problem [10], in Which we

K. The SubsetSum problemis to derive whetherthereis a
subsetof | whosesum is equalto K. We now shav how
to reducethe SubsetSum problemto the EMII problem.The
reductiondor the ESID, EMDI, andESDD problemsarevery
similar. For anintegerin the givensetof integersof the Subset
Sum problem, we createa task ; with ¢ = i, p = K,
andu; = . The powver consumptionfunction P1(s)=s of
the DVS PE is ap arbitrary strictly corvex and increasing
functionwith P1((" L; &) 1) > P2, whereP; is setasa
constantthat is smaller 'Fhe set of taskscreatedby a subset
19 of | is denotedby T o. If thereis a subsetl® of | with
sum equalto K, we know that assigningall the tasksin
T o on the non-DVS PE and all the tasksin T, on the
DVS PE leadsto a feasible sglution of the EMII problem
with enegy consumptionP1((" [, o) 1)+ P2)K inthe
hyperperiod K basedon Lemma (1). If thereis a feasible
solutionfor the EMII problemwhich assignsall the tasksin
a subsetT ;o of T on the non-DVS PE and all the tasksin



Tino@®n the DVS PE with enegy consumptiomo morethan
(P1(( lnl ;—') 1)+ P,)K in the hyperperiodK , we know
that the sumof integersin |1 %js equalto K sinceP;(s) is an
increasingfunctionand P4 (( |”1 °—{) 1) > P,. As aresult,
we know thatthe EMII problemis N P-hard. ]

The following theoremshaows that if the workload of the
inputtasksetT is greaterthanthe maximumspeedSy« , de-
riving ataskpartitionof T withoutviolating timing constraints
is N P-complete.

Theoem2: If °‘ > Snax, derving a feasible
schedulefor T is N P complete

Proof: Therroof is similar to that in Theorem(1) by
settingSmax as( [ o) L [ ]

We considersystemshat executingall thetasksin T could
meet timing constraints,and the role of the non-DVS PE
is to help increasethe performanceor reducethe enegy
consumption.For the rest of this pgper task setsT s under
considerationsatisfy the condition 2T ;— Shax -

Due to the N P-hardnessof thesestudied problems,we
focus the study on approximation algorithms with worst-
caseguarantee®n the minimization of enegy consumption
or the maximization of enegy saving. Based on [24], a
polynomial-time -approximationalgorithm for the EMII or
EMDI (ESID or ESDD, respectiely) problem must have a
polynomial-timecompleity of theinput sizeandcouldderive
a feasibleschedulewith the enegy consumptiorat most(the
enegy saving at least, respectiely) times of an optimal
solution, for ary input instance,in which is also referred
to as the approximationratio (bound) of the approximation
algorithm.

3. Ideal DVS PEs

This section explores systemswith ideal DVS PEs by
proposingapproximationalgorithmsfor the EMII and ESID
problems.

A. Workload-Independenion-DVS PEs

This subsectionconsidersthe EMII  problem, in which
the non-DVS PE is workload-independentSince the enegy
consumptionof the non-DVS PE is a constantin the hyper
periodandthe enegy consumptiorof the DVS PE depend®n
the workload of the assignedask set, the task partition which
minimizes the workload on the DVS PE without violating
the utilization constraintof taskson the non-DVS PE also
minimizesthe enegy consumptionLet x; beabinaryvariable
which denoteswhethertask ; in T is selectedo executeon
the DVS PE or not. Thatis, x; is 1 if task ; is assignedn
the DVS PE; otherwise,x; is 0. The optimal solution of the
following integer linear programmingcan be transformedto
derive an optimal schedulefor the EMII problem.

o P .
minimize 5 ,p o Xi
subjectto arUi (1 x) 1, and Q)

xj2f0;1g ;8;2T:

By rephrasinghe inequalityin the constraintspeci cation of
Equation(1), we canreformulatethe problemas
minimize
subjectto

Gy
P i2T pi Xi P

o1 Ui X ot Ui L
xj2f0;1g ;8 2T:

and

)

However, the optimizationproblemshavn in Equation(2)
is still N P-hard. We now shov how to derive a feasible
schedulefor the EMII problem with worst-caseguarantees
on the minimization of enegy consumptiorbasedon solving
Equation(2) approximately

By the formulation in Equation (2), if a task has high
computationademandon the DVS PE but low utilization on
thenon-DVS PE, it shouldbe a goodcandidateto be assigned
on the non-DVS PE to reducethe workload of tasksassigned
on the DVS PE. According to the simple obsenration, the
optimization formulation in Equation(2) might be achieved
by the following procedurewhich is alsoadoptedin [19] for
task partitioning betweena CPU and an FPGA' (1) sorttasks

task i in the sortedorder |terat|vei_y with the initialization
of T, as an empty set, if u; + 27, Ui 1, ; is
insertedinto T ,, and then (3) aSS|gnaII the tasksin T, on
the non-DVS PE and all the tasksin T n T, on the DVS
PE. The above procedurels denotedby Algorithm GREEDY.
Algorithm GREEDY soundsreasonablevith O(nlogn) time
compleity, but its performancen the minimizationof enegy
consumptionis not very good in mary cases.Considerthe
following casein which T, consistsof several taskswhen
Algorithm GREEDY determinqghe assignmenof lasttask |
|9 the sortedorderwith un &~ ¢, U > LI 1 uy

o7, U Owith & 2T, ; we know that assign
n to the non-DVS PE and T nf ng on the DVS PE has
muchlessenegy consumptiorthanthe task partition derived
by Algorithm GREEDY

Thefollowing enhancedjreedyalgorithm,denotedy Algo-
rithm E-GREEDY, canbe usedto solve the optimizationprob-
lem in Equation(2) with worst-casegguarantees(l) sorttasks
non- decreasmglytccordingto & 'p' andlabeitasksaccording

asT andT%asT, whereT %is usedfor temporarilyrecording
thecandidateasks,(2) repeatnding thesmallestindex k with

X X
Ui u 1
i2Toandi k i2T
P
until ol < e L whereTl |sFi,1pdatedto

fiij .2 TOandi kgif 2r1oandi ko 2T, B
andthen  is evicted from T0 and(3) aSS|gnaII thetasksm
T 1 ontheDVS PEandall thetasksin T nT ; onthenon-DVS
PE. Algorithm E-GREEDY is alsoillustratedin Algorithm 1.
The time complity is O(nlogn) dominatedby the sorting
of tasks,where the running time overheadincurred by the
summationof utilization or workload in Algorithm 1 canbe
improved by introducingsomeothertemporaryvariables.

Theoem 3: Theworkloadassignedn the DVS PE for ary
feasibletask partition is at least0:5 timesof that for the task
partition derived from Algorithm E-GREEDY.



Algorithm 1 : E-GREEDY

Algorithm 2 : DP

Input: T;
Output: A partitionof T into T1;T2 W|th

1: sort tasksnon-decreasinglyaccordingto

2T, Ui 1
u‘ip‘ and label tasks

accordingto the sortedorder( 1; 2;:::; n);
2T, F.7T° T;p
3: while ol 2pUi 1do
4: qgthesmallestk with p.2toandi U ot Ui 1
5 if Lroandi « ;', 27T, pI, then
6: T: fiji2T%ndi Kg;
7. Tnf «q;
8: returntaskpartition (T 1; T nT1);

Proof: The formulationin Equation(2) is equialentto
the minimum Knapsackproblem, in which we are given a
knapsackang,a set of items, by setting the capacity of the
knapsackas 21 Ui 1, the weight of task ; asu;, and
the cost of task ; as &. The minimum Knapsackproblem
is to selectitems so that the total costof the selecteditems
is minimizesand the total weight of the selectedtemsis no
lessthanthe capacityof the knapsacklt is shavn in [11] that
Algorithm E-GREEDY is a 2-approximationalgorithmfor the
minimum Knapsackproblem.As a result, we know that the
statemenbf this theoremholds. [ |

For notational brevity, let TE and T§ be the resulting
taskpartition T, and T, by applying Algorithm E-GREEDY.
Basedon Theoream3, Lemma (1), andthe de nition of the
power consumptiorfunctionof the DVS PE,we know thatthe
minimum enegy consumptiorto executeall the tasksin T £
onthe DVS PEis at most2® timesof the enegy consumption
of ary feasiblescheduleof T.

For the rest of this subsectionwe develop an approxima-
tion algorithm that can trade the approximationratio to the
runningtime. Formally, the developedalgorithmhasa (1+ )-
approximationratio for a userspeci ed positive parameter
with polynomial-timecompl«ity by treating as the input,
which is referredto asa fully polynomial-timeapproximation
schemg(FPTAS) in [24].

The basicideais to scaleup the workload of tasksso that
we only have to constructa dynamicprogrammingtable with
apolynomlaIS@e SupposethatC is the workload of tasksin
TE,ie,C= [2TE o Let K be the roundingfactor in
which K = = with ary userspeci ed positive parameter .
For eachtask i, the rounded-upexecutioncycle ¢ is de ned
asd “—e p K. Basedon the roundingtechniquewe know
that g' is amultiple of roundingfactorK for any task ;. The
rounded- upwork*pad of atasksetT; assignedon the Dvs
PEisdenedas ,, &.

We now showv how to derive a feasibletaskpartition sothat
the total rounded-upexecutionworkload of the tasksassigned
on the DVS PEis minimized.First, we ordertasksin T in an
arbitraryorder SupposdhatU(i; j) is the maximk;mvalueof
the summationof utilization of tasksin Ty, ie, 7, U,
T » with total rounded-upworkloadof T ; no morethanj K.
For brevity, let U(i;j) be 1 if j < 0. Theinitial condition

Input: T; ;// >0
Output: A partitionof T into TP ;T2 W|th 270 Ui L

1: apply Algorithm E-GREBDY to derwe tasksetT T assignedon
the DVS PE with C

i27¢ E
2: K
36 % S ep K;8i2T;
4: O
5: while true do
6: for(i 1;i n;i i+ 1)do
7: calculateU j) accordingto Equations(3) or (4);
8 if (U(n;j) 27 Ui 1) then
9 break;
10: j+ 1
11: I
2: backtrackthe dyngnic programmlngtable to dgsive the subset

TP of taskswith
K
returnthe task partition (T2 ;T nT?);

270 Ui = u(n;j ) and 127D ﬁ =

13:

of U(1;j) forj 0 hastwo cases:

0 ifj< &

V(i) = u; otherwise

®3)
By thede nition of U;; , we know thatthefollowing recursve
relationholds,dependingon whether ; is selectedor not, for
aryi 2andj O

U(i
U(i

1j);
Lj sx)+u

By applying Equation(3) and Equation(4), we canapply
the dynamic prograrp,mingtechniqueto nd the minimum
j with U(n;j ) .27 Ui 1, andthen backtrackthe
dynamic programmingtable from U(n;j ) to derive a task
partition of T into T? and TS . The dynamicprogramming
procedureis iIIustra'ged in Algorithm 2 and d‘gnotedby Al-
gorithm DP. Spice 510 Ui = U(n;j) ot Ui L
we know that 270 Ui 1. The resultmgtask partition
is hencefeasible. The opt|maI|ty of the task partition derived
from Algorithm DP is shavn in the following lemma.

Lemma2: Supposdhe taskpartition q{,T intoT, andT,
minimizesthetotal workloadin T, with ~ , u; 1. The
workloadof TP derived from Algorithm DP is at most 1+
timesthatof T ;.

Proof: SinceT? is optimalin the minimization of the

total rounded-upworkload on the DVS PE, we know that

X & X ¢

pi i

U(i; j) = max

4

[2TD 2T,

By the de nition of ¢, ;—' + K ¢, we have

pi

i2TP

g—‘l.Withci
— X E X E+nK:
pi iZTlpi

;27D 2T, Pi

P
By Theorem(3), C is at most twice of
K is =, nK is no gnore than

27, pr+ Since
27, o As a result,

Ci Cl-
i2T? pi (1+ ) i2T 4 pi u



Lemma3: The time complity of Algorithm DP is
o(n?(1+ 1)).

Proof: Clearly, the time compleity to build the dynamic

Brogrammlngtablefor thq;den\/atlon Ofb is O(nj ). Since

[2TD —.—J K, and ZTDF 27, F§'+nK in
Lemma2 we know that | K is at mostC +'nK . Hence,
the time compleity is O(n?(1 + 1)). [ ]

We conclude this subsectionby shaving the following
theorem.

Theoem4: By applying Algorithm DP to derived task
partition (T?;TD), the minimum enegy consumptionto
executeall the tasksin T? in the hyperperiod on the DVS
PE and all the tasksin T2 is at most1+ 7 timesthat of
optimal schedulegor T in O(n?(1+ 1)), in which0 < 1

Proof: Sincethe enegy consumptionon the non-DVS
PEis invariantto thetasksassigneantoit in the hyperperiod,
we only have to focuson the enegy consumptioron the DVS
PE. By the de nition of the power consumptionfunction on
the DVS PE, Lemma(2), and Lemma(1), we know that the
enegy consumptionof the derived scheduleon the DVS PE
in the hyperperiodis at most(1 + )3 timesthat of optimal
scheduledor T. Since 1, weknow that(1+ )3 1+7.
As aresult,applyingAlgorithm DP for taskpartitioningis an
FPTAS for the EMII problem. ]

B. Workload-DependeniNon-DvVS PEs

This subsectiorconsidershe ESID problem,in which the
non-DVS PEis workload-dependenAgain, let x; bea binary
variable which denoteswhethertask ; in T is selectedto
executeon the DVS PE or not. Thatis, x; is 1 if task ; is
assignedo the DVS PE; otherwise x; is 0. The problemcan
be formulatedasaninteger nonlinear programming(INLP) to

derive an optimal schedulefor the ESID problemasfollows:
P _ P
o) R (1 xi))

P (
1 i2T pj

27 Ui 1 x) 1
xi 2f0;1g ;8i2T:

2Tu'
X))

maximize L i2T

subjectto

)

Although the formulationis similar to thatin Equation(2),
the proposedalgorithmsin Section 3-A are not applicable
becausa taskpartitionwith the lessworkloadon the DVS PE
might consumemore enegy on the non-DVS PE. To exactly
solve Equation(5) is a N P-hard problem.However, we can
have a polynomial-timealgorithmto build an upperboundby
relaxingthe integral constraintof x; 2 f0; 1g sothatx; could
be ary real-numberbetween0 and 1, i.e.,tobe0 x; 1
A task ; is called fractional if 0 < x; < 1 which means
x; of workload of ; is assignedon the DVS PE and the
otherl x; is onthe non-DVS PE. The relaxationhelpsfor
the derivation of solutionswith worst-caseguaranteesThe
relaxed non-linear programmingproblem of Equation(5) is
asfollows:
2t u (1
oo Xi)

Cj P
o) pa( Xi))
1 i2T pl
ar U (X)L
0 X 1:8;2T:

P
P
maximize L 10 er

subjectto

(6)

/
>\ /
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Figure.2. The SystemEnegy Consumptiorover the Workload of the DVS
PE

Algorithm 3 : R-GREEDY

Input T;
15 2:%055 0, =)
2: X 1,8, 2T; Ulp ,”2;"
3:for(i 1;i nand a7 Ui 1 xi) L;i i+1)do
4. Let x; be the value between0 and 1 which minimizes

Pl(c' X + U1) + Pz(l X )U.,

5. if (xI 6 0) then

6 break;

7:  else

8 U U ;—22

9: return(Xa; X2;:: 1 Xn);

Algorithm R-GREEDY, shavn in Algorithm 3, canbe used
to solve an optimal solutionfor Equation(6). Initially, x; for
eachtask ; is setto 1, andtasksare sortednon-increasingly
accordingto —=—. After that, we decrease; from 1to 0 so
thatthe maX|mumenegy saving canbe achieved. Therunning
timeis in O(nlogn), providedthat Step4 in Algorithm 3 can
be donein O(1). The occurrenceof a fractionaltaskis dueto
the shapeof the enegy consumptionfunction of the system.
Moving workloadto thenon-DVS PEwill decreas¢he enegy
consumptionof the DVS PE and increasethat of the non-
DVS PE. Therefore,thereis a balanceto nd the minimum
enegy consumption.Let's see an example demonstratedn
Figure (2) usingthe task setde ned in Table (I) whichis in
the non-increasinglysortedorder accordingto icui . At rst,
the utilization of the DVS PEis 1, thenaftermoving 1 tothe
non-DVS PE, the utilization decreaseso ;5 and the system
enegy consumptiondecreasestoo. », 3 and 4 arein the
samecondition,but whenit comesto s, the utilization moved
to the non-DVS to minimize the systemenegy consumption
is to move fractional s. We now shav that Algorithm R-
GREEDY canderive optimal solutionsfor Equation(6).

Theoem5: Algorithm R-GREEDY derives an optimal so-
lution for the NLP problemin Equation(6).

Proof: Supposefor Equation (6) there is an optimal
solut|on (xl,xz;::"x ) for tasks sorted non-increasingly
wh|ch maximizesthe objectve value and
xR

)
Comparethesetwo solutlonsfrom the head, (1) if x; > xR
Fpen increasethose xﬁs with j > i andx; < xR until

;XU = (X;  X{*)uj or no morex; can be mcreased

Then male X; equalto xR. Modifying |n this way, if it ts




Algorithm 4 : S-GREEDY

Input: T;

Output: A partition of xjs with x; 2 f0;1g ;8 2 T and
Tui(lox) 1

10 (xF;x%;::1;xR)  apply Algorithm R-GREEDY. But whenit

only x is setto 0 suchthat the task ;
saves mostenegy andis feasibleconsideringmoving only one
taskto the non-DVS PE, othersare setto 1;

3: returnthe partition with higher objective valuein Equation(5);

the condition P PoXu = (%
the non-DVS PE is the same but because - B U
8j > i, thevalueof |, Xy e j5 decreasear remainsthe
same.Whenit ts the condition X Up < (X xRui,
it meansthatx, xR, 8k & i. By Algorithm R-GREEDY we
know x; canbe further reducedto x? without increasingthe
objective value.On the otherhand,(2) if x; < xR, we simply
increasex; to xR. This conditiononly occurswhenx, = xR,
8k < i. By thecornvex characteristiof the power consumption
function,reducingx, , 8k > i will increaseaheobjective value,
thereforewe setx, xR = 1, 8k > i. The bestvalue for

xR)ui, the utilization on
S

doesnot increasethe objective value. Henceit is true that
Algorithm R-GREEDY derives an optimal solution. ]

GREEDY, if thereis a fractionaltaskdenotedby , thentasks
with index smallerthan  areputin thesetT § andtaskswith
index largerthan  areputin thesetT }. The enegy saved
by moving only T§ to the non-DvVS PEis denotedby o and
thatby moving only  is denotedby ;. Furthertheoretical
analysesare provided in Lemma(4). Lemma(4) investicates
the relation betweenthe enegy saving of an optimal partition
opt and ot 1.
Lemma4: If shouldbe put on the non-DVS PE in the
optimal schedulethenthe optimal saving opt < o+ 1.
Proof: If thereis no fractionaltaskthroughoutapplying
Algorithm R-GREEDY, thenit is an optimal scheduleother
wise a fractionaltask is split on two PEs. Since is on
thenon-DVS PE, ; isthemostenegy it cansave becausé¢he
laterit moved,the lessenepy it cansave dueto the convexity
of the power function. To seethe dominationof o, we move
only  to the non-DVS PE. For the restquotaof utilization
of the non-DVS PE, the mostenegy that canbe saved is to
apply Algorithm R-GREEDY. Olviously, tasksthat canbe put
on the non-DVS PE arethe subsetof TS andthe amountof
utilization movedis less.Hencethe saving exceptthatof  is
lessthan . We can concludethat the saving of the optimal
schedule oot < o+ 1. [ |
Basedon the optimalsolutionof Equation(6), we now showv
how to derive anapproximatioralgorithmS-GREEDY in Algo-
rithm (4) basedon Algorithm R-GREEDY. First, the 6-th line
in Algorithm R-GREEDY is modi ed to be CONTINUE. Then
apply the modi ed Algorithm R-GREEDY to get a partition

is acquiredfrom moving only one mostenepgy-saving taskto

the non-DVS PE under feasibility constraints.Algorithm S-
GREEDY returnsthe betterone. Theorem(6) usesLemma(4)
to prove that Algorithm S-GREEDY saves at least half the
enegy saving of an optimal partition.

Theoem6: By applying Algorithm S-GReeDy, a 0.5
approximationpartition in enegy saving is obtainedin time
compleity O(nlogn).

Proof: First we apply Algorithm R-GREEDY. If task
is on the non-DVS PE in the optimal schedule then the
optimal enegy saiing opt < o+ 1. (Referto Lemma(4)
for detailedproof.) Another possibility is thattask  is on
the DVS PE in the optimal schedule,so we X on the
DVS PE, and continuethe sameprocedurefor the resttasks.
We denotethe indices of fractional tasksappearedsthe set
F=1ff1,f2:::f qo
Thereareat mostn + 1 combinationsthatis, i belongs
to the non-DVS PE, and ;; belongsto the DVS PE and
2 belongsto the non-DVS PE, and so on. The optimal
solution must t one of them. Consideringtask 4, if it
belongsto the non-DVS PEin the optimal solution,thereis a
0:5-approximationschedulewhich selectsthe betterpartition
amongmoving ¢ 8k < f1;k 2 F and moving 1. If it
shouldbe put on the DVS PE, thenwe canjust x it on the
DVS PE and repeatthe same procedurewithout modifying
x ed tasks. Then consideringtask 2, the samecondition
holds when selectingthe better partition among moving
8k < f2,k 2 F and moving ¢,. One possibility is that
all ¢ 8k 2 F belongto the DVS PE, then the resulting

(x4;x5;::1;xA) areno lessthan savings of  8k;r  q,
k<fr;k2F and {; 9r @, respectrely. So no matter
which combinationthe optimal solution falls in, the more
saving betweenxRs andx/* s is greaterthanor equalto -5
The sortingof Algorithm R-GREEDY takesO(nlogn) time.
]

4. Non-ldeal DVS Processors

At present,a processomwith continuousspeedss still an
ideal product,but a processowith several discretespeedss
on the marlet, like the Crusoeprocessof1] andthe ARM7D
processoi2], So we slightly changethe modelto tamet on
more realistic ervironment. Lemma (5) saysit can combine
two speedsto get the optimal schedule.We investicate the
schedulingof two different behaiors of the non-DVS PE in
the following subsections.

Lemmab: If a processorcan useonly a small numberof
discretevoltages,then the two voltageswhich minimize the
enegy consumptiorareimmediateneighborso the voltagein
the ideal model. Furthermoresupposehe ideal caseis to use
speedSjgear for a period Tigea , and the neighboringspeeds
Of Sigear are Snign and Siow, then the optimal schedulein

discretesettingsis to executewith Srig n for gees—ger Tigeq
and executewith Sjo, for Sshihgighh SS?DW' Tideal -
Proof: Referto [14]. [ |

A. Workload-Independenton-DVS PEs

From Lemma (5) we know that the optimal schedule
can be combinedfrom two neighboringspeedsif the ideal



speedis not available. Solutionsin subsection3-A is still
applicable.The only differenceis that the enegy consumed
by Algorithm E-GREEDY is no longer lessthan octuple the
optimal enegy consumptionbecauseof the discrete speed
constraint.Supposethe task set assignedon the DVS PE of
an optimal partition and the partition applying E-GREEDY
areT$ andTE, and thg,speedas&gnmghtmf the DVS PE
in the ideal settingare ;o g—' and  ,re p—, In the
discretesetting,the maximumratio betweerary two adjacent
speedss denotedby , and the enegy consumptionof the
DV PEEP (T?) and ED (TE) have the following relation.
P1( 1270 ;—') ED(Tl) due to sBeedcomblnatlonln
Lemma (5). Because [2TE o= 270 o= by The-
orem (6), thereforein the dlscretesetting E (Tl) is no
grlgaterthanthe enegy consumptlomf:,speed:omblnatlonfor

2 510 pr»Whichis atmostP1(2 270 ) Therefore
P (2 o £h)

EP(TE) 1 i279 b 3

ED(TO) Pl( por iy (2 °). The similar procedure

is appliedfor FPWAS andthe ratiois (1 + ) )3.

On the other hand, by applying the S-Greedy algorithm
modi ed by replacingthe statemenin R-Greedy”Let x; be
the value between0 and 1 which m|n|m|zesP1(°' Xj + Up) +
P,(1 X;j)u;” by "Let x; bethevaluebetween0 and1 which
m|n|m|zesP1(°' Xj + Up) + Py", a 0:5-approximationsaving
is obtained.

B. Workload-DependeniNon-DVS PEs

Sincethe optimal schedulds combinedfrom two neighbor
ing speeddf the ideal speedis not available, the decreasing
of the power when lowering the speedof the DVS PE is no
longer corvex, but is linear betweenavailable speedsof the
DVS PE. ThereforeD-R-Greedyin Algorithm (5) is usedin
Algorithm S-Greedy insteadof Algorithm R-Greedyto get
the optimal solution if a taskis allowed to be fractional. In
Algorithm D-R-Greedy; all tasksareinitially put onthe DVS
PE, theniteratvely nd theimmediatespeedevels Syign and
Siow to computeif moving tasksto thenon-DVS PEis enegy-
ef cient. The movementof ataskin eachiterationis bounded
by Siow. The algorithm stopswhenthereis no enegy saving
gainable.The 0:5-approximationproperty of Lemma (4) and
Theorem(6) still holds.

Theoem7: D-S-Greedy, which is S-Greedy in Algo-
rithm (4) replacingAlgorithm R-Greedy with Algorithm D-
R-Greedyinside,is a 0:5-approximationO(nlogn) algorithm
in a systemwhich hasonly a few levels of voltageavailable.

Proof: Referto Theorem(6). ]

5. Performance Evaluations

This section provides performanceevaluationsof the al-
gorithms conductedfrom extensive simulations. Algorithms
under simulations are Algorithm GREEDY, Algorithm E-
GREEDY, Algorithm DP, Algorithm S-GREeDY, and their
revisionsfor DVS PEwith discretespeed®nly, denotedoy Al-
gorithm D-GREEDY, Algorithm D-E-GREEDY, Algorithm D-
DP, and Algorithm D-S-GREEDY accordingly

Algorithm 5 : D-R-GREEDY
Input T; asetof speed§ of the DVS PE(Sl, S2;:::;Sm).

20 X 1;8i2T;U1 2T ;—E;UZ 0;

3:for(i 1;i nandU;< 1;)do

4 Shig h minf SijSi  Uig;

5 Siow maxf S jSi U1g;

6: BestP (03

7o i (Pouy + SRR TLBm 1) < ) then

8: BestP  minfx;; G v2); (1 Sou b g

9: BestU maxfBestP u.,Ul ' Smin g;

10: updateU;, U, and x; accordingto the utilization BestU

assignedo the non-DVS PE;

11: if (i totally moved to the non-DVS PE) then

12: i i+ 1;

13: else

14: if (no moreenepgy canbe saved or the non-DVS PE is full)
then

15: break;

16: return(X1;X2;:::;Xn);

A. EnvironmentSetup

All tasksarrive at time 0. The normalizedminimum and
maximumspeedsand ; of the DVS PE are 0:0, 1:0 and 3.
For the discretespeedsetting, 5 levels are available, which
aref 0:0; 0:25; 0:5; 0:75; 1:0g. The speedof the non-DVS PE
Snon Dvs IS randomin (0.0, 1.0]. Eachtaskarrives ; times
in aprede nedhyperperiod,where ; is anintegral variablein
[1;8]. pi = Myeer period A hynerperiodof 8! is selectedfor
clarity. For a spec'i ed total utilization U; and U, of a setof
n taskson the DVS PE andthe non-DVS PE,eachtask ; has
two independentveights j; and j,; theworst-casexecution
cyclesc onthe DVS PE s derived from l3'*1U1p. Shax
while theworst- caseexecutlonrequwemenu. onthenon DvS
PE is derived from P'—ZUZ For eachsetting100 random

samplesare generated

For clarity, if not mentionedexplicitly, some parameters
have default valuesas following. The numberof tasksis 20.
hy and P, are setto be 0:5 and 0:5S3, 5. The total
utilization of the DVS PE U; and the non-DVS PE U, are
both 0:8 undermaximumspeed.

1) Copingwith the workload-independerPE: In the rst
experiment,the impact of the workload when tasksexecutes
onthenon-DVS PEis investicated.The total utilization of the
non-DVS PE U, variesfrom 1:0 to 3:0 steppedby 0:1. is
setto be 1:0 suchthat G1 andD P are both 2-approximation
algorithms.

The impacts of the valuesof on calculationtime and
performanceare investigated, too. The total utilization of the
non-DvVS PE U, is 2:4. variesfrom 0:1 to 2:0 steppedby
0:1.

2) Coping with the workload-dependenPE: In the rst
experiment,the impact of the workload when tasksexecutes
onthenon-DVS PEis investicated.The total utilization of the
non-DVS PE U, variesfrom 0:2 to 1:4 steppedby 0:2.

In the secondexperiment,the impact of the power con-
sumption function is showvn, where h, is x ed at 0:5 and

» = kS3, pvs, Wherek variesfrom 0:1 to 1.0 stepped



by 0:1.
In the third experiment,the size of tasksare considered.
The numberof tasksvariesfrom 5 to 30 steppedby 5.

B. ExperimentalResults

1) Coping with the workload-independenPE: In Fig-
ure (3), the more workload the non-DvVS PE has, the more
workload must be put on the DVS PE, and the more enegy
consumedy thesyetemALE AP andD ALE AP produce
horrible enegy-consumingsystemsG1 andDP are both 2-
approximationalgorithmswith = 1:0, andin the experimen-
tal result, DP is betterthan G1, but it takes longertime as
we canseein thefollowing gures. By applyingNIWDPA,
we canget solutionsbetterthanD  GL1.

The relationship of running time over the precision are
demonstratedn Figure (4). The larger the is, the less
the running time is, while the larger the error from optimal
solutionis asin Figure (5).

2) Coping with the workload-dependenPE: As we can
see,the proposedalgorithm | WDPA andNIWDPA have
good performanceand is very closeto the optimal solution.
Figure (6) and Figure (7) showv the result of the rst exper
imemt. AM SAP is no doubta bad solution. U,'s growing
meanstasks will have more workload to do when moving
from the DVS PE to the non-DVS PE, so taskstend to be
allocatedon the DVS PE. Therefore,solutionsare closerto
the optimal solutionwhen U, grows.

Figure (8) shows the impact of the power consumption
function. When taskstend to consumemore enegy on the
non-DVS PE, they tend to be allocatedon the DVS PE and
solutionsare closerto the optima.

IWDPA andNIWDPA arecloserto OPT andD-OPT
in a smallnumberof tasks.With a lot of tasks,therearea lot
of combinationsandthe possibility to get closeto the optima
becomesmall.

6. Conclusion
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The impact of the power consumption function
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Figure.9.

The impact of the number of tasks
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